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Abstract

Let G be a simple and finite graph. A bijection from its vertex set
onto {1,2,...,|G|} is called a prime labelling of G if any two adjacent
vertices are labelled by coprime integers. Entringer conjectured that
every tree has a prime labelling. In this paper, we show that a tree
T, = (A, B) of order n > 105 with bipartition (A, B) satisfying |A| <
m(n) has a prime labelling, where m(n) is the number of primes at
most n.
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1 Introduction

Let m and n be positive integers with m < n. The set {m,m+1,...,n}
of integers from m to n is denoted by [m,n]. If m = 1, we use [n] to replace
[1,n] for short. Let & = {S51,52,...,5} be a collection of subsets of [n].
A system of distinct representatives (SDR) for S is a subset {q1,q2, ..., qx}
such that ¢; € S; and ¢; # ¢; for all i # j.

Let G = (V, E) be a simple and finite graph with a vertex set V = V(G)
and an edge set £ = F(G). The number of vertices of G is called the order
of G and denoted by |G|. For a vertex € V, a neighbor of z is a vertex
adjacent to x. The set of neighbors of z is called the neighborhood of z and
denoted by N(x). The number of neighbors of z is called the degree of x and
denoted by deg(x). A pendent vertex is a vertex of degree one. For a set
S C V, the neighborhood of S is the set of vertices adjacent to some vertex
of S and denoted by N(S). A tree is a connected graph without cycles. A
matching is a subset of E(G) in which any two edges have no endpoints in
common.

A bijection ¢ : V(G) — {1,2,...,|G|} is called a prime labelling of G
if any two adjacent vertices are labelled by coprime integers. Around 1980,
Entringer conjectured that every tree has a prime labelling. So far, the
conjecture is still unsolved. In 1994, Fu and Huang [4] showed that every
tree of order n < 15 has a prime labelling. In 1998, Lin [8] extended Fu and
Huang’s result to a tree of order n < 105. Recently, Haxell, Pikhurko and
Taraz [6] proved that the Entringer Conjecture is true provided the order
n is sufficiently large. On the other hand, the conjecture has been verified
for some classes of trees (complete binary trees, caterpillars, star-like trees,
spider trees, spider colonies, binomial trees, palm trees, banana trees, etc in
[4, 7, 9]). In this paper, we show that a tree T,,(A, B) of order n > 105 with
bipartition (A, B) satisfying |A| < 7(n) has a prime labelling, where m(n) is
the number of primes at most n.

First, we consider that 7(n) = |A| < |B| = n—mn(n). At the beginning, we
label the vertices of A = {a1,as,..., 0z} with deg(a;) > deg(az) > ---
deg(aw(n)) by p1 = ¢(a1) = 1,p2 = @(aw(n)) =3,p3 = %0(aw(n)—1)7 -+ Pr(n)
¢(az), where py < p3 < -+ < Pry are odd primes in [n]. Let L(A) =
{¢(a;) | a; € A}. For each b; € B, there is a corresponding set S; C [n]\ L(A)
consisting of the integers which can be used to label b;. We can argue that the
collection {Si,S,,...,5 5} has an SDR {q1, ¢, ...,qp}. Label each b; by
¢;. Then the tree T,, = (A, B) has a prime labelling. By the same argument,
we can deal with the case that |A| < w(n).
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2 Main Results

In this section, we first assume that 7,, = (A, B) is a tree of order
n > 105, A = {a17a2>-"7a7r(n)}7 deg(al) > deg(ag) > e 2 deg<a7r(n))>

= {b1,b2,...,bp}, deg(by) > deg(by) > --- > deg(bp), |Al = 7(n)
and |B] = n — w(n). Moreover, let the vertices of A be labelled by p; =
QD(CL1> =1l,pp = @(aﬂ(n)) =3,p3 = @(aw(n)—l) =9,... yPr(n) = (,0((12)7 where
P2 < p3 < -+ < DPagn) are odd primes in [n], L(A) = {p(a;) | a; € A},
L(A") ={¢p(a) |ac A’} for A" C A, R =[n|\ L(A) and for each b; € B, de-
fine S; ={k| ke R\{tp|pe L(N(b;)),t > 1}}. Note that gcd(k, p(a)) =1
for all k € S; and a € N(b;). We use the label ¢(a;) to replace the vertex a;
if no confusion occurs.

The following lemmas are essential for main results.

Lemma 1. [1, 2, 3] Let w(n) be the number of primes in [n]. Then the
following hold.

w(n/2) if n > 21.

<
<2-7m(n/2) ifn> 1.

Lemma 2. [5/ An SDR for a collection {S1,Ss,...,S:} exists if and only if
the Hall’s condition | U§:1 Si,| > k holds for subcollections {S;,, Si,, ..., S, },
k>1.

Lemma 3. Let T = (X,Y) be a tree with |X| < |Y|. Then Y contains at
least |Y| — | X| + 1 pendent vertices.

Proof. Suppose not, that is, Y has at most |Y|—|X| pendent vertices. Then
[E(T)] = 2 ey deg(y) = (Y] = [X]) +2(Y] = (Y] = |X])) = [X]+ Y] =
|T| = |E(T)| + 1. A contradiction. Hence, the assertion holds. O

For checking the Hall’s condition |U?=1 Si;| > k for all k > 1, we need
to study the cardinality | U?:l Si;|. If deg(b;) = 1 and L(N(b;)) = {p}, then
either |5;| = |[R\ {tp | t = 1}| = |R| = [n/p] + 1 =n —n(n) — [n/p] +1
ifp>1 orl|Sj| =|R =n—mn(n)if p=1. Fori # j, let L(N(b;)) =
{pilvpizv""plk} and L( ( )) {pjupjzv"'apje} It N(b) ( ) = @
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since ged(pi,,pj;) = 1, 2"pi, € S;,27pj, € S; and 27¢g € S; N S; for 1 <
a < kl<pg<tlqge LA\ (LIN(b;)ULN(,)) and » > 1. Hence,
U,>1{2"plp € L(A) and 2"p < n} C S; U S;. If N(b;) N N(b;) # 0, since
T, is a tree, N(b;) N N(b;) = {q} for some ¢ € L(A). By the same argu-
ment as above, either | J -,{2"p|p € L(A) and 2'p < n} C S, US; if ¢ =1,
or U,-{2"plp € L(A) \ {¢} and 2"p < n} C S; U S; if ¢ > 1. Note that
{2"plp € L(A)\ {q,1} and 2"p < n}| = 7(n/2") — 1 for r > 1.

Let Y = {y1,¥2,...,y:} be the set of pendent vertices in B and corre-
sponding to the collection {S7,S5,...,S;} for some ¢ > 2. Suppose N(Y) =
{z1,29,..., 25}, deg(x;) < m for some m and 1 < i < s and |Y| > f-m
for some f > 1. Since [N(A)NY| < f-m for any f-set A" C N(Y) and
(N(zj)nY)N(N(2})NY) = @ for all zj and ; in A’, T}, contains a matching
M = {leyjlvszij s 7xjf+1yjf+1}‘ Suppose Qo(xjk) = p;‘k for 1 <k < f+1
Since deg(y;,) = 1, Sj, = R\ {rpj |r > 1}. Since gcd(p;a,p;ﬂ) = 1,

i1 S5 = NS lr = 1) = R\ {rp,pf, -, > 1} and then

1 :
| U£:1 S;;k1| =n—m(n)— |_1”Lf/pljlpj2 . -ijlJ. Note that if p;,pj, - - - pj,,, > 1,
+ +
then | J; 1) S = R and |2, S, | =n —m(n).

Lemma 4. Let T, = (A, B) be a tree defined as above with m(n) = |A| < |B).
Then |S; US| > m(n) —1 forall1 <i<j <|B|=n—m(n).

Proof. If deg(b;) = 1, then b; is adjacent to 1 or an odd prime p. Hence,
1S;| > |R| — |[n/p] = n—m(n) —n/3 > m(n) by Lemma 1(5) and then
|S; U S;| > m(n). Suppose deg(b;) > deg(b;) > 2. Let h = |logyn| > 6. If
N(b;) NN (bj) # 0, since T,, is a tree, N(b;) N N(b;) = {p}, where p =1 or an
odd prime. For 1 <r < h —2, let X, = {2"¢ | ¢ is an odd prime with ¢ <
n/2" and q # p}. Then X1, Xs, ..., X, are mutually disjoint, | X| > 7(n/2%)—
2 and X C S;US; for all 1 < k <r. Moreover, if p > 3, then {2,2%, ..., 2"
9,18,27} C S;U.S;, since at most one of b; and b; is adjacent to 3; otherwise,
{2,2%,...,2" 25,49,50} C S;uS; if p = 3. Note that 2 < m(n/2"2) < 4 since
4 <nj2"?% <8 Hence, |S;US;| > UM X | +h+3="20 X, +h+3 >
St (m(n/27) =2) +h43 = 37 (w(n/27) = 1) (n/22) om0 /2" 2) +3 >

r=1
Y (w(n/27) = 1) + m(n/2"73) 4 2m(n/2"2) — 1 > YT (w(n/27) — 1) +
2m(n/2"3) —1> ... > w(n) — 1, by Lemma 1(3) and (4).

Suppose N(b;)) N N(b;) =0. For 1 <r <h—2,let Y, ={2"p| pisan
odd prime with p < n/2"}. Then Y3,Ys,..., Y, o are mutually disjoint,
Y,| > 7(n/2") —2 and ¥, C S;US; for all 1 < r < h —2. More-

over, {2,2%,...,2" 918,27} C S, U S;. By the same argument as above,



1S;US;| > |UPZ2 Y, + h + 3 > 7(n) — 1. Therefore, |S;US;| > 7(n) — 1 for
all1 <i<j<|B| O

Lemma 5. Let T,, = (A, B) be a tree defined as above with m(n) = |A| < |B].
Ifk € [m(n),n—m(n) — [n/3] + 1], then |U}_, Si,| > k for any 1 < iy <y <

Proof Let Y = {bi,,bi,,...,b; } and be corresponding to the collection
{Si,, Sips---,Si }. By Lemma 3, Y contains at least |Y|—|A|+1 > 1 pendent
vertices. Let N (bi,) = {p} for some pendent vertex b;,. Then \U;?:l Si;| >
1S;,| > n—w(n)—([n/pi—l) >n—m(n)—|n/3|+1>kif p> 1. Otherwise,
for p = 1, we have |Uj_, Si;| = S, = |[n] \ L(A)| = n —7(n) > k. We
complete the proof. O

Lemma 6. Let T,, = (A, B) be a tree defined as above with m(n) = |A| < |B).
Ifk € n—m(n)—|n/3| +2,n—m(n) —[n/15]], then ’U§:1 Si;| > k for any
1<iy <ig<---<iy <|B|.

Proof. Let Y = {b;,b;,,...,b; } and be corresponding to the collection
{Si,s Siys -+, Si,}. By Lemma 3, Y contains at least [Y]| —|A4|+1 > n —
27(n) — |n/ 3J + 3 pendent vertices. If some pendent vertex b;, is adjacent to
1 or p >n/2, then |Uf:1 Si,| > S| = |[n]\ L(A)| = n —m(n) >n —7(n) —
|n/15] > k. Suppose all the pendent vertices in Y are adjacent to the set
X ={a; | 3<p(a;) <n/2}. Then | X| = n(n/2) — 1 and deg(a;) > deg(a;)
for all a; € X and a; € A\ X by assumption. If a € X, thenn—1 = |E(T)| =
e 008(00)-+00B(0) 4 cx, g Ae2(0) > (111X +1)degla) 1]~
or deg(a) < | "tk ) = Latnoetaryia) = me 1 Y| —[A]+1 > m, then
there are two distinct pendent vertices b;, and b;, in Y such that b;, is
adjacent to p € X and b;, is adjacent to ¢ € X with p # ¢. In this case,
]U?Zl Si;| > |8, U Siy| > n—m(n) — [n/pg] >n —m(n) — |n/15] > k and
we conclude the proof. By Lemma 1,

(Y] =[AD(7(n) = 7(n/2) +2) = (n +1 = 7(n/2))

> (n—m(n)—[n/3] +2—7(n))(r(n) —m(n/2) +2) — (n+1—m(n/2))
> (2n/3 =2m(n) +2)(7(n) —7(n/2) +2) — (n+1—7(n/2))
= 2(n/3—7(n))(w(n) —m(n/2)) +n/3 —2m(n) — 7(n/2) +3
> 127(n) — 157(n/2) +n/3+3
(since n/3 —m(n) > 7 if n > 105 by elementary Calculus.)
e 2\,
> 121nn 15 (1+31n(n/2))+ /3+3



n n
= 12— —(10.29---)—
_ o (10.29 )lnn+n/3+3

Hence, Y| — |A|+1 > L%J as desired. Thus, ]U VSi| >k O

Lemma 7. Let T,, = (A, B) be a tree defined as above with m(n) = |A| < |B).
If k€ [n—m(n)— |n/15] + 1,n — m(n)], then | U?:l Si,| =n—m(n) >k for
any 1 < iy <ig < -+ < i <|B|.

Proof. Let Y = {b;,b;,,...,b; } and be corresponding to the collection
{Si,,Siy, -, 5, }. Note that U;?:l Si; € [n] \ L(A) for all k > 1. Hence,
[Uizy Syl < 1)\ L(A)| = n = 7(n). Set Xy = {a; | 3 < p(a;) < n/3}
and Xy = {a; | n/3 < p(a;) < n/2}. By Lemma 3, Y contains at least
Y| —JA|+1>n—2n(n) — [n/15] + 2 pendent vertices. By the proof as in
Lemma 6, Y contains two pendent vertices b;, and b;, such that b;, is adjacent

to p and b;, is adjacent to g with p # ¢. If b, or b;, is adjacent to 1 or a prime
p' > n/2, then |U§:1 Si;| 2 18i, US| > |[n]\L(A)| =n—n(n) > k. If b;, or
bi, is adjacent to a vertex in Xy, then pg > 3-n/3 = n and then | U?:l Si;| >
Si, U Sis| = n—m(n) — [J-] =n—m(n) = k. Suppose the neighborhood
of the pendent vertices in Y are contamed in X;. By the same argument in
Lemma 6, deg(a) < Ln(_l)_((“);&'l ?j = "H g("§3}r2 | for all vertices a € Xj.
Let f be the maximum number of dlstlnct odd primes whose product is less
than n. Then n > pop3 -+ pry1 = 3+5- T+ -pryy > 10710773 = 10771
f<1+logyn If Y| —[A]+1> flx ol Wn%)SHJ then there are f + 1
pendent vertices y1,¥2, ..., ys+1 in Y such tﬁlat each y; is adjacent to z; € X,
and corresponding to S, and t = p(x1)p(x2) - @(zp41) > n. In this case,
| Ule Si;| > | Ufill Sy;| > n—m(n)— |n/t] =n—m(n) >k and we conclude
the proof. By Lemma 1,

= (Y| =|AD(x(n) = 7(n/3)+2) = f(n+1—m(n/3))
> (n—m(n)—n/15] +1—m(n))(r(n) — m(n/3) +2)
—(1+logpn)(n+1—m(n/3))

(T2~ 200 ) (r(m) — 0/3)) = (1 + oy ).

d

v

: 14 14 n 14 _
Since 1zn — 27(n) > 15” - 25 (1 + 31nn) > 3N - 2nl 105 (1 + 3ln105) =

n—(049..)n > En —in = $n and 7(n) — 7(n/3) > = 1n7z7<?3 (1+
3ln(2n/3)) 2 an %1 1n3}1n105 (1 + 31335) - E(l —0.51---) > (0. 48)11_71’ we
have d > (13/30)n - (0.48)= — n(1 + log,;yn) > 0 by elementary Calculus.

Hence, |Y|—|A|+1 > fL%J as desired. Therefore, |U LSy >

n—m(n) > k. O



Now, we are ready to prove the main results.

Theorem 8. Let T,, = (A, B) be a tree defined as above with w(n) = |A| <
|B|. Then T,, has a prime labelling.

Proof. Let Y = {b;,b;,,...,b;, } and be corresponding to the collection
{Si,, Sipy ..., Si } for some k € [1,|B|] = [I,n —w(n)]. If & = 1, since
2 €S, forall j, U, Syl > 15,] > 1. If k € [2,7(n) — 1], by Lemma 4,
] U§:1 Si,| > [S;, US| > m(n) =1 > k. If k € [7(n),n —7(n)], by Lemma 5,
6 and 7, | Ule Si;| > k. Hence, the Hall’s condition holds. By Lemma 2, the
collection {Si,95,,...,S 5/} has an SDR {qi,¢s,...,qp}. Label the vertex
bj € B by ¢(bj) = ¢;. Combining ¢(a1),¢(a2),...,¢(arm)), the bijection
0:V(T,) = AUB — {1,2,...,n} is a prime labelling of T}, as desired. [J

For the remaining, suppose T,, = (A, B) is a tree with |A| < 7(n). By
the same argument in Theorem 8, we may label the vertices of A by ¢(a;) =
L,o(az) = Prn), ©(a3) = Prmy—1,- -+, and ©(aja)) = Pr(n)—|aj+2- For each
b; € B, the corresponding S; will have more members with respect to the
S; defined in Theorem 8. Hence, it can be argued that the Hall’s condition
holds. Therefore, we have the following.

Theorem 9. Let T,, = (A, B) be a tree of order n > 105 with bipartition
(A, B) satisfying |A| < w(n). Then T, has a prime labelling.
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