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1. Let f, fr : [0,1] — R be Lebesgue measurable functions such that klim / | fr(z)— flz)|dz =0
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and that sup/ | fe(z)]* dz < oo
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(a) (5 %) Show that / | f(z)|* dz < oo.
0.
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(b) i (5 %) Show that f |fx(2)|? dz < oo for all k € N and that '/ L (z))? dz < oo.
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ii. (6 %) Furthermore, show that klim / |filz) — flz)|dz =0
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2. (11 %) Prove or disprove that if f; : [0,1] — R are continuous functions for all k¥ € N and if
1
lim fi{z) =0 for all z € [0,1], then lim/ fr(z)dz =10

3. Write |A| as the Lebesgue measure of a Lebesgue measurable set A C R. Let {fi}ren be a
sequence of Lebesgue integrable functions defined on R and suppose that klgglo : | fi(z)| dz = 0.
For any A > 0, let Ey(A) = {z € R]{fu(z)] 2 A}. Prove or disprove the following statements.

(a) (6 %) There is a Lebesgue measurable subset £ C R such that |E| = 0, and that
A«,IEEO filz) =0, for every z ¢ E.
(b) (6 %) For any A >0, lim VA Ey(A)] = 0.

(c) (6 %) lim 1B ()|

k—yo0

= 0.

1B G
4. Write | A, as the outer measure of a set A C R®. Prove or disprove the following statements.
(a) (10 %) Let E) be a monotonic sequence of sets in R with each |Eg|. < +oco, then
|52, Bl = g 1l
(b) (10 %) Two sets A, B C B™ have moasurable union AU B and |[AUB| — |Al.+|B|.. Then

A and B are both measurable.

5. (15 %) Tet f:RU{xco} — R be an increasing function on the real line R with f{—oc0) = 0
and f(co) = 1. Prove that f is absolutely continuous on every closed finite interval if and

only if
/ f{)dzx=1
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;(15 %) Suppose f € L(0,1). Find

1 2
lim kln (l + %) dx
0
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Hint: You may need to prove the elementary inequality In(1 + ¢} < at” for some a,b > 0 and
fort > 0.



