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- (20 pts) Assume (u,v) is a C* complex-valued solution of the following system

iug + [P (utug +unk) =0 in Rx(0,7),
iv + |uff(v'v, +ovE) =0 in Rx(0,T),
(u,v) = (g,h) on R x {t=0},

where 1 = /—1, * is the complex conjugate, T' is a positive constant, g and h are
smooth functions with compact support.

(i) Is there any conservation law for this system of equations? (10 pts)

(i) Can the system have finite-time blow-up behavior for some T > 0? (10 pts)
Prove or disprove your answers.

(20 pts) Let u solve the wave equation

up—Au=0 for z € R ¢t>0,
u=g(z) =~ forzeR3,t=0,
uy = h(z) for zeR3,t=0,

where g, h are smooth and have compact support. Can there exist a constant C'
such that
lu(z,t)| < C/t for z€R®,t>07

Prove or disprove all your answers.

(20 pts) Determine the following equations which may NOT have regularity
theorem: (A) heat equation, (B) wave equation, and (C) Laplace equation. Prove
or disprove your answer.

(20 pts) Consider the following PDE (partial differential equation)
Ap=e¥—e™? in R

(i) Must there exist a positive solution ¢ of the PDE such that sup %(z) < 0o?

zcR?
(10 pts)

(ii) Let ¢ be a smooth solution of the PDE. Must 1 be analytic in R” i.e. 1
is analytic at every point of R*? (10 pts)

Prove or disprove your answer.



# 5. (20 pts) Consider the following problem

u—Au+cu=0 for zeR? t>0,
u = g(z) for ze Rt =0,

where c is a positive constant and g is a smooth function with compact support.
Must the solution u decay to zero as time t goes to infinity i.e. tlim u(z,t) =0
—00

for z € R?*? Prove or disprove your answer.



