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1. (a)(10%) Assume that f is a real function on R and satisfies

£ /O o(x)de) < O’ F(d)de

for every measurable bounded function ¢. Must f be a convex function?
(b)(10%) Let v be a positive measure on € and f: Q — (0,00) with [, fdv = 1. Prove that
for every measurable subset w C € with 0 < v(w) < oo, that

/1og fdv < v(w)log(v(w)™).

2. (20%) Let (S, S, 1) be a measure space. Show that if 4(S) < 0o, g, — ¢ in measure and
h, — h in measure, then g,h, — gh in measure. Does the statement remain true if the
finiteness condition of p(S) is removed?

3. (a)(10%) Let f, f1, fo, -+ be complex-valued measurable functions on (5,8, ). We say
that f, = f almost uniformly if for any € > 0, there exists a set B € S such that u(B) < ¢
and f, — f uniformly on B¢. Show that if f, — f almost uniformly, then f, — f almost
everywhere and f,, — f in measure.

(b)(15%) Does the converse to (a) hold?

4. Prove or disprove the statements.

(a)(10%) | f| is measurable = f is measurable.

(b)(156%) Let f be a real-valued function on R. Then the set of discontinuous points of f
is an F, set (a countable union of closed sets). (Hint: it suffices to show that the set of
continuous points is a G set, a countable intersection of open sets.)

5.(10%) Justify rigorously the following limit

e X T
UM — 00 (14 =) "sin—dx = 0.
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