
*úi°¸t�ƒ Fourier �b

Šœþ

1. Gauss 5óê:

Ékòg (Carl Friedrich Gauss 1777–1855), |ÑAF¡¡—−í]9, l¬kÊü

çQ��v4�bÚ,°ç°* 1 ƒ 100 í¸�kÖý� òg'0ÿ)ƒ£ü�� 5050� ¥

OõIFí4��}˚ˇ, Ó(ògj„z, íl* 1 ƒ 100 ŸøŸ, 7(y* 100 ƒ 1 J

Ÿ�V, s6�òó‹, ªêÛ©á·u 101, u� 100 á, 100× 101 = 10100, yÎJ 2 ÿ

u 5050�
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+ =

Çø

yàvÍ,rÖ±A·�rÖO±í]9,

]9íöõ4, vÍ4àS? u´öíêÞ? B

;µ˛%ÌÉ'b, ½bíu¥_9K…™í<

2� *bçíi�7k, òg¥_]9µsBb

25_�í½b4, ¥_½æí25_�u¼G

5_b, C6u\8757@b, 6ÿuúi$

5Þ�, 7úi$Þ�í°¶uøŸúi$J�s_¯95(, AÑ�Wûi$�

Gn = 1 + 2 + 3 + · · · + (n − 1) + n

Gn = n + (n − 1) + (n − 2) + · · · + 2 + 1

s6�òó‹

2Gn = (n + 1) + (n + 1) + · · · + (n + 1)

FJ

Gn = 1 + 2 + 3 + · · ·+ (n − 1) + n =
n(n + 1)

2
(1.1)

Êúiƒb�ø_O±ít�

sin θ + sin 2θ + sin 3θ + · · ·+ sin nθ =
sin n

2
θ sin n+1

2
θ

sin θ
2

(1.2)

11
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>õ5- (1.1), (1.2) ¥s_t�õÊuØd7, ílâ�ª�b°¸t�ª)

θ + 2θ + 3θ + · · · + nθ =
n(n + 1)

2
θ

si°v�_ sin (Ld�6!)

sin(θ + 2θ + 3θ + · · ·+ nθ) = sin
n(n + 1)

2
θ

y]<ø sin }ºB®á (e/.��¶C‹¶), ˝�£ßut� (1.2) í˝�, 7¬�†u

(1.2) í}ä, Ä¤yÎJ sin θ
2
, £ßut� (1.2)! Ã�„pà-�

¶ø: BbÛÊÿþt‚àògíj¶V„pt� (1.2), I

Sn = sin θ + sin 2θ + · · ·+ sin(n − 1)θ + sin nθ

Sn = sin nθ + sin(n − 1)θ + · · ·+ sin 2θ + sin θ

�âúit� (ø x, y ŸA x = x+y
2

+ x−y
2

, y = x+y
2

− x−y
2

ut�íG¶!)

sin x + sin y = sin (
x+y

2
+

x−y

2
) + sin (

x+y

2
− x−y

2
) = 2 sin

x+y

2
cos

x−y

2
(1.3)

s��òó‹

2Sn = 2
[
sin

(1 + n)θ

2
cos

(1 − n)θ

2
+ sin

(1 + n)θ

2
cos

(3 − n)θ

2
+ · · ·

+ sin
(n + 1)θ

2
cos

(n − 3)θ

2
+ sin

(n + 1)θ

2
cos

(n − 1)θ

2

]

= 2 sin
(n + 1)θ

2

[
cos

(1 − n)θ

2
+ cos

(3 − n)θ

2
+ · · ·+ cos

(n − 1)θ

2

]
si°v� sin θ

2
, /y‚àøŸúit�)

2Sn sin
θ

2
= sin

n + 1

2
θ
[
sin

n

2
θ + sin(1 − n

2
)θ + · · · + sin(

n

2
− 1)θ + sin

n

2
θ
]

cÜ) (ÄÑ sin(−θ) = − sin θ)

Sn =
sin n

2
θ

sin θ
2

sin
n + 1

2
θ

¶ù: ¶ø¥_„pj¶wõuå�¼—, *|Çá� 2 sin θ
2

ÿª„pt� (1.2)� âú

it� 2 sin x sin y = cos(x − y) − cos(x + y) ª)

2 sin
θ

2
Sn =

n∑
k=1

2 sin
θ

2
sin kθ =

n∑
k=1

cos(
θ

2
− kθ) − cos(

θ

2
+ kθ)

=
n∑

k=1

cos(k−1

2
)θ−cos(k +

1

2
)θ = cos

θ

2
−cos(n +

1

2
)θ = 2 sin

n + 1

2
θ sin

n

2
θ
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] Sn =
sin n

2
θ

sin θ
2

sin n+1
2

θ�

ø_úúiƒb�ö£w…íçÞ, á�uø£ýƒb, ìýƒb�5õ&í� úkìý

ƒbBb6�éNít�

cos θ + cos 2θ + · · ·+ cos nθ =
sin n

2
θ

sin θ
2

cos
n + 1

2
θ (1.4)

(1.2), (1.4) s�óÎª)Çø_Ô�ít�

sin θ + sin 2θ + · · ·+ sin(n − 1)θ + sin nθ

cos θ + cos 2θ + · · ·+ cos(n − 1)θ + cos nθ
= tan

n + 1

2
θ (1.5)

ø (1.2), (1.4) s�¯9, y�â Euler t�

eiz = cos z + i sin z, cos z =
1

2
(eiz + e−iz), sin z =

1

2i
(eiz − e−iz) (1.6)

ªJ*�ª�bíi�V„p (1.2), (1.4) ¥s_t��

¶ú: I

X = cos θ + cos 2θ + · · ·+ cos nθ, Y = sin θ + sin 2θ + · · · + sin nθ (1.7)

†â�ª�b°¸5t�ª)

X + iY = eiθ + ei2θ + ei3θ + · · · + einθ =
eiθ − ei(n+1)θ

1 − eiθ
(1.8)

}ä}‚°v� e−iθ/2

X + iY =
ei(n+ 1

2
)θ − eiθ/2

eiθ/2 − e−iθ/2
=

ei(n+1)θ/2(einθ/2 − e−inθ/2)

eiθ/2 − e−iθ/2

=
1
2i

(einθ/2 − e−inθ/2)
1
2i

(eiθ/2 − e−iθ/2)
ei(n+1)θ/2 =

sin n
2
θ

sin θ
2

ei n+1
2

θ (1.9)

y¦™¶Dõ¶, £ut� (1.2), (1.4)� ¥_„pwõµsBbÖÍ (1.2), (1.4) ¥s_úi

0��Õ[õ–Vd�Ï�b, O…”,uø_�ª�b,BkÊ°¸í¬˙2ÑSb� sin θ
2
,

wÜâu (1.8) ¥_�ª�b5tªÑ eiθ w¸�k 1 − eiθ �Ÿ�b, 7¥áõÒ,ÿu

sin θ
2
�

¶û: Bb*Ï} (difference) íi�V„pt� (1.2), âÏ}íì2

�f(x) := f(x + 1) − f(x) (1.10)
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ª)

n∑
x=m

�f(x) =
n∑

x=m

f(x + 1) − f(x)

= f(m + 1) − f(m) + f(m + 2) − f(m + 1) + · · · + f(n + 1) − f(n)

= f(n + 1) − f(m) = f(x)
∣∣∣n+1

m
(1.11)

¥õÒ,ÿu��}!…ìÜíÏ}$�� �ƒ (1.2) 5?

� cos kθ = cos(k + 1)θ − cos kθ = cos(kθ + θ) − cos kθ (1.12)

Oâúit�

cos x−cos y = cos
(x+y

2
+

x−y

2

)
−cos

(x+y

2
−x−y

2

)
= −2 sin

x+y

2
sin

x−y

2
(1.13)

¦ x = (k + 1)θ, y = kθ † � cos kθ = −2 sin θ
2
sin(k + 1

2
)θ yø k ²Ñ k − 1

2

� cos(k − 1

2
)θ = −2 sin

θ

2
sin kθ (1.14)

Ä¤ Sn ªZŸÑ

Sn =
n∑

k=1

sin kθ =
n∑

k=1

1

−2 sin θ
2

� cos(k − 1

2
)θ =

1

−2 sin θ
2

cos(k − 1

2
)θ

∣∣∣n+1

1
(1.15)

=
1

−2 sin θ
2

[
cos

θ

2
− cos(n +

1

2
)θ

]
=

1

−2 sin θ
2

(
−2 sin

n

2
θ sin

n+1

2
θ
)
=

sin n
2
θ

sin θ
2

sin
n+1

2
θ
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x

y

A0

r

O

r

An

θ
ϕ A1

A2θ

θ
·····

1
1

Çù

�S<2:

Ék (1.2), (1.4) 5	S<2ªJà¤õ,

*Ÿõ A0 Çá, åø¦(
−→

A0A1 D x W5H

iÑ θ, 7/¦ A1 U)(¨ A0A1 ÑÀPÅ,

â”è™ªø A1 = (cos θ, sin θ), wŸ, * A1

Ñ–õå¦(
−→

A1A2 D
−→

A0A1 5HiÑ θ, 1¦

A2, U) A1A2 6uÀPÅ, † A2 óúk A1

5è™u (cos 2θ, sin 2θ), ] A2 óúk A0 5

è™ A2 = (cos θ + cos 2θ, sin θ + sin 2θ) Y

¤¥�ª)� n _õ An, w
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è™£ßu (X, Y ), éÍ X u¥ n _(¨5®�j² (x è™) I�í¸, 7 Y †u n _

�òj² (y è™) I�í¸� A0, A1, . . . , An ¥<õuqQkÆ-Ñ O, š�Ñ r 5£Öi

$íÝõ, ÄÑ©ø_ý¹(¨ Ai−1Ai DÆ-F$A5i� (óçkÆ-i) ·u θ, FJ

∠A0OAn = nθ, cq(¨ A0An 5Å�Ñ d, †â�8úi$ �A0OAn ªø d = 2r sin n
2
θ

Oâ�8úi$ �A0OA1 ) 1 = 2r sin θ
2

¾  r ) d =
sin n

2
θ

sin θ
2

¥á£ßÿu X, Y (C

(1.2), (1.4)) |Ûíu°á, 6ÿuYTÇ) An DŸõí�×

A0An = d =
sin n

2
θ

sin θ
2

(1.16)

O”è™´Ûbi�, cq ∠A1A0An = ϕ, †¦(
−→

A0An D x W5Hi�k θ + ϕ, ϕ õÒ

,u_Æ¶i (�kú@Cíøš)

ϕ =
1

2

�

A1An=
1

2
(n − 1)θ (1.17)

FJ θ + ϕ = 1
2
(n + 1)θ, ]

X = d cos(θ+ϕ) =
sin n

2
θ

sin θ
2

cos
n + 1

2
θ, Y = d sin(θ+ϕ) =

sin n
2
θ

sin θ
2

sin
n + 1

2
θ. (1.18)
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..............................................................................................................................................................................................................................
........
....................

O d = 2r sin n
2 θ

An

A0

r

r

........

........

................

n
2 θ
n
2 θ

.........................................................................................................................................................................................................................................
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........................................................................................................................................................................................................................................O 1 = 2r sin θ

2

A1

A0

r

r

.........

....... θ

Çú Çû

à‹, øÇáuD x W5HiÑ α íL<ò( (.c)u x W) ÑTÇ5–õ, † (1.2),

(1.4) AÑ

sin(α + θ) + sin(α + 2θ) + · · ·+ sin(α + nθ) =
sin n

2
θ

sin θ
2

sin(α +
n + 1

2
θ), (1.19)

cos(α + θ) + cos(α + 2θ) + · · ·+ cos(α + nθ) =
sin n

2
θ

sin θ
2

cos(α +
n + 1

2
θ). (1.20)

ÄÑìýƒb�	 π
2

ÿu£ýƒb, cos(θ + π
2
) = sin θ, FJJJ π

2
+ θ ¦H θ, †â (1.20)

ª) (1.19), J α = 0, ÿu (1.4), α = π
2

çÍÿ�ƒ (1.2)� Bb´ªJ5?	_Ô�í‰
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² (θ → 2θ, α → α − θ), (θ → 2θ, α → π
2

+ α − θ) † (1.19) (1.20) AÑ

cos(α + θ)) + · · · + cos(α + (2n − 1)θ) =
sin nθ

sin θ
cos(α + nθ), (1.21)

sin(α + θ) + · · ·+ sin(α + (2n − 1)θ) =
sin nθ

sin θ
sin(α + nθ). (1.22)

à‹ α = −θ
2

†

n∑
k=1

cos(k − 1

2
)θ =

sin n
2
θ

sin θ
2

cos
n

2
θ =

sin nθ

2 sin θ
2

, (1.23)

n∑
k=1

sin(k − 1

2
)θ =

sin n
2
θ

sin θ
2

sin
n

2
θ =

sin2 n
2
θ

sin θ
2

. (1.24)

Åj:

(1) Ï}¶ (¶û) õÒ,6u‚ƒb (generating function) í–1�

(2) �âúit� (1.2) (1.4) D�}íì2ªJòQ„p�}t� (..�â�}t�D��

}!…ìÜ)

∫ b

a
sin xdx = cos a − cos b,

∫ b

a
cos xdx = sin b − sin a.

cq b > 0 †â Riemann ¸

∫ b

0
sin xdx = lim

n→∞

n∑
k=1

(sin
kb

n
) · b

n
= lim

n→∞ θ
n∑

k=1

sin kθ (θ =
b

n
)

= lim
n→0

θ
2

sin θ
2

2 sin
n

2
θ sin

n + 1

2
θ = lim

n→0

θ
2

sin θ
2

(
cos

θ

2
− cos(n +

1

2
)θ

)

= lim
θ→0

θ
2

sin θ
2

(
cos

θ

2
− cos(b +

1

2
θ)

)
= 1 − cos b.

2. Fourier �bD Gibbs Ûï:

úi�b¸ (1.7) …|ÛÊ,Åbçð Dirichlet (1805-1859), Riemann (1826-1866)

TÜ Fourier �bíY¹4½æ� Bb}ø- Fourier �b; ˛ø f(x) uL<ì2Ê–È

[−π, π] í 2π U‚ƒb, BbàúiÖá�VV¡

sn(x) =
1

2
a0 +

n∑
k=1

(ak cos kx + bk sin kx) (2.1)
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ÛÊíñíu²¦_çí[b ak, bk U)wÏÏ

ε(x) = f(x) − sn(x), (2.2)

Ñ|ü� 5?

min
ak,bk

M ≡ min
ak,bk

1

2π

∫ π

−π
|f(x) − sn(x)|2dx = min

ak,bk

1

2π

∫ π

−π
ε2dx. (2.3)

¥u 2n + 1 _‰bí”M½æ, }�ú ak, bk �}

−∂M

∂ak
=

1

π

∫ π

−π
(f(x) − sn(x)) cos kxdx, k = 0, 1, 2, 3, . . . , n,

(2.4)

−∂M

∂bk

=
1

π

∫ π

−π
(f(x) − sn(x)) sin kxdx, k = 1, 2, 3, . . . , n.

¥_:
j˙ � 2n + 1 _j˙�, 2n + 1 _„øb, ˛ø�}t�

1

π

∫ π

−π

(cos mx cos nx

sin mx sin nx

)
= δmn =


1, m = n

0, m �= n
,

1

π

∫ π

−π
sin mx cos nxdx = 0, (2.5)

H� (2.4) ª) Fourier [b

(ak

bk

)
=

1

π

∫ π

−π
f(x)

(cos kx

sin kx

)
dx. (2.6)

t� (2.5) …”,ÿu£> (orthogonal), FJ*q� (inner product) íi�7k Fourier

[b ak, bk £u f Ê cos kx, sin kx 5I�¾� ƒb f 5 Fourier �bªJ[ýÑ

f(x) ∼ a0

2
+

∞∑
k=1

(ak cos kx + bk sin kx). (2.7)

Fourier[b ak, bk 5RûÎ7|üù�j (least square method) 5Õ6ªJ¥óõ;

òQ�} (2.7) )

∫ π

−π
f(x)dx =

a0

2

∫ π

−π
dx +

∞∑
k=1

(
ak

∫ π

−π
cos kx + bk

∫ π

−π
sin kxdx

)
.

â sin kx, cos kx U‚4ø
∫ π
−π cos kxdx =

∫ π
−π sin kxdx = 0 Ä¤

a0

2
=

1

2π

∫ π

−π
f(x)dx (f5�ÌM).

°Ü (2.7) ˝¬si}�� cos nx, sin nx (�}1â (2.5) )

an =
1

π

∫ π

−π
f(x) cosnxdx, bn =

1

π

∫ π

−π
f(x) sin nxdx.
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an ít�6zpÑS (2.7) ííáb¦Ñ a0

2
, 7Ý a0� f 5 Fourier �b (2.7) °v|Û

cos nx, sin nx Ä¤�â Euler t� (1.6) ªJZŸÑ

f(x) ∼ a0

2
+

∞∑
n=1

(an − ibn

2
einx +

an + ibn

2
e−inx

)
. (2.8)

I

c0 =
a0

2
, cn =

an − ibn

2
, c−n = cn =

an + ibn

2
, (2.9)

cn =
1

2
(an−ibn) =

1

2π

{ ∫ π

−π
f(x) cos nxdx−i

∫ π

−π
f(x) sin nxdx

}
=

1

2π

∫ π

−π
f(x)e−inxdx.

(2.10)

°Üª)

c−n =
1

2π

∫ π

−π
f(x)einxdx, (2.11)

cÜ5(ÿuµb$�í Fourier �b

f(x) ∼
∞∑

n=−∞
cneinx, cn =

1

2π

∫ π

−π
f(x)e−inxdx. (2.12)

Bbl�ø_ Fourier �b� 5?ƒb

f(x) =


 1, 0 < x < π

−1, −π < x < 0
. (2.13)

¥uø_}¨
bíƒb, /.©/íõÊ

x = 0,±π,±2π,±3π, . . . . . .

f uø_Jƒb, FJw Fourier �bc¨Ö£ýƒbí¶M, f í Fourier [bà- (‚à

µbt�)

ck =
1

2π

( ∫ π

0
e−ikxdx−

∫ 0

−π
e−ikxdx

)
=

1

2π

(e−ikπ− 1

−ik
− 1− eikπ

−ik

)
=

(−1)k− 1

−ikπ
. (2.14)

Ä¤ bk = 4
kπ

, k = 1, 3, 5, . . ., FJ f 5 Fourier �bÑ

f(x) ≈ 4

π

(
sin x +

1

3
sin 3x +

1

5
sin 5x + · · ·

)
. (2.15)

©_ÀÖí£ýƒb sin(2k + 1)x ·u©/ƒb, O%¬Ì¤ÖŸíL‹5(ºAÑ.©/

ƒb! 6ÄÑ¥í] Fourier �b5Y¹4�.b‹Jn�; w¶}¸Ñ
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S1(x) =
4

π
sin x

S3(x) =
4

π
(sin x +

1

3
sin 3x)

S5(x) =
4

π
(sin x +

1

3
sin 3x +

1

5
sin 5x)

...

S∞(x) = f(x). (2.16)

l�ªø S1 5|×MÑ

y =
4

π
≈ 1.27 (x =

π

2
),

¥_MD y = 1 5ÏÏÑ 27%, °Ü S3 Ê x = π
2

5|üM

y =
4

π
(1 − 1

3
) ≈ 0.85 (x =

π

2
),

D y = 1 5ÏÏRªƒ 15%, Y¤éR S5 Ê x = π
2

5|×M

y =
4

π
(1 − 1

3
+

1

5
) ≈ 1.10 (x =

π

2
),

D y = 1 5ÏÏÑ 10%� âŸVíƒb f 7k'AÍí“¿uç n → ∞ wÏÏ�k 0, O

IA˚ˇíu¥“¿1.A
, ¥Ju

lim
n→∞max S2n+1(x) = 1.089490+.

,u�¬ (overshooting) ø¡ 9%, ¥ÿu Gibbs Ûï, øO7k S2n+1 í|×� |üMP

k S2n−1 5|×� |üM5È�

1

0

-1

4
π

S∞
S5
S3

S1

−π π

− 4
π

Çü Çý
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Bbø S2n+1 [Ñ�}$�

S2n+1 =
4

π

n∑
k=0

1

2k + 1
sin(2k + 1)x =

4

π

n∑
k=0

∫ x

0
cos(2k + 1)ξdξ

=
2

π

∫ x

0

[ n∑
k=0

e(2k+1)iξ+
n∑

k=0

e−(2k+1)iξ
]
dξ=

2

π

∫ x

0

[
eiξ 1−e2i(n+1)ξ

1 − e2iξ
+ e−iξ 1−e−2i(n+1)ξ

1 − e−2iξ

]
dξ

=
2

π

∫ x

0

2 cos(n+1)ξ sin(n+1)ξ

sin ξ
dξ=

2

π

∫ v

0

sin u

u
du. (2.17)

w2 u = 2(n+1)ξ, v = 2(n+1)x, ú|(¥_�}7kw|×MêÞÊ sin v = sin 2(n+

1)x = 0, x = π
2(n+1)

wM�k

2

π

∫ π

0

sin u

u
du = 1.089490+.

Bbíü„p7 Gibbs Ûï� J n < ∞, I x = 0 † v = 0, S2n+1 = 0, ∀n

lim
n→∞ lim

x→0
S2n+1 = 0, (2.18)

¥5ç x > 0, n → ∞ † v → ∞, ÄÑ Dirichler �}
∫ ∞
0

sin u
u

du = π
2

FJ

lim
x→0

lim
n→∞S2n+1 = 1. (2.19)

s_”Ì (2.18), (2.19) Ì¶>²!

lim
n→∞ lim

x→0
S2n+1 �= lim

x→0
lim

n→∞S2n+1.

¥6zpÑS Fourier �b5Y¹4½æÛbn��

Åj:

(1) £ý�} (sine integral)

Si(x) ≡
∫ x

0

sin t

t
dt (2.20)

AÍ7Í|ÛÊû˝ f 5 Fourier �b� ¥_�}Ì¶ŸA!…ƒb (elementary function)

Oªâ sin t 5 Taylor �b[ýÑ

Si(x) = x − x3

3 · 3!
+

x5

5 · 5!
− · · · , (2.21)

à‹ x → ∞ ÿu Dirichler �}

Si(∞) =
∫ ∞

0

sin x

x
dx =

π

2
. (2.22)
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BbªJ‚à Laplace ‰²ø5�²A

Â½�}Câµ‰ƒbíGbìÜVl�

¥_�}M� £ý�} Si(x) 5Ç$Êƒ

bM�k ±1 Ë¡0§PÓ (highly os-

cillationg) ¥6u¨A Gibbs ÛïíŸ

Ä�

1.851

1

Si(x)

π
2

x

π 2π 3π

Çþ

3. Dirichlet �:

Bbõ Fourier �bí¶}¸ (�Ìá¸):

sn(x) =
1

2π

∫ π

−π
f(t)dt +

n∑
k=1

1

π

∫ π

−π
f(t)(cos kt cos kx+sin kt sin kx)dt

=
1

π

∫ π

−π
f(t)

(1

2
+

n∑
k=1

cos k(x−t)
)
dt=

∫ π

−π
f(t)Dn(x−t)dt=

∫ π

−π
f(x + t)Dn(t)dt (3.1)

w2

Dn(t) =
1

π

(1

2
+ cos t + cos 2t + · · ·+ cos nt

)
=

sin(n + 1
2
)t

2π sin 1
2
t

(3.2)

ÿu� n ¼ Dirichler � (nth Dirichlet kernel), 3U,6˚ (3.1) Ñ sn(x) 5 Dirichlet

t�C Dirichlet Jæ�} (Dirichlet singular integral), °Ü

s̃n =
n∑

k=1

(ak cos kx − bk sin kx) =
1

π

∫ π

−π
f(t)

( n∑
k=1

sin k(x − t)
)
dt

=
∫ π

−π
f(t)D̃n(x − t)dt =

∫ π

−π
f(x + t)D̃n(t)dt (3.3)

w2

D̃n(t) =
1

π

(
sin t + sin 2t + · · · + sin nt

)
=

cos 1
2
t − cos(n + 1

2
)t

2π sin 1
2
t

, (3.4)

˚Ñ� n ¼u� Dirichler � (nth conjugate Dirichlet kernel), ,ÞíRû¬˙Î7zp

Dn(t), D̃n(t) àS|Û5Õ, °v6µsBb«n Fourier �bíY¹4½æ�gkû˝J

æ�}í½æ, 7/ Fourier �bí¸uJÄ� (convolution) í$�[Ûí� BbªJzû

˝ Fourier �bAÍ7Íÿùª7Ä�¥_–1�
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3.1 ì2: f� g Ñ R ,ís_U‚ƒb (U‚�k 2π) †wÄ� f ∗ g ì2Ñ

f ∗ g(x) ≡
∫ a+π

a−π
f(x − ξ)g(ξ)dξ, (3.5)

w2 a ÑL<õb�

âƒbíU‚4ªJ„pÄ� f ∗ g D a 5²¦ÌÉ, ‚à‰b‰²D�}ßå�²ªñ

q)ƒÄ�í!…Hb«�

3.2 ìÜ: f� g� h Ñ R ,íú_U‚ƒb (U‚�k 2π) †wÄ�x��-5É[:

(}º�) f ∗ (ag + bh) = a(f ∗ g) + b(f ∗ h),

(>²�) f ∗ g = g ∗ f,

(!¯�) f ∗ (g ∗ h) = (f ∗ g) ∗ h.

}ÇMá�}ªñq„p (¥óçkI f = 1 Hp (3.1))

∫ 0

−π
Dn(t)dt =

∫ π

0
Dn(t)dt =

1

2
. (3.6)

Çÿ

Dn 5Ç$ªJ¥óõ: 1
2π sin t

2

uPÙ (am-

plitude), Ä¤ Dn H[J 1
2π sin t

2

ÑPÙ, ,

-0§PÓíš, Î7Ê t = 0 5Õ, wF

¶}5�}˛¤	˛�óJ¾,¥ÛïBb˚Ñ

oscillation-cancellation, ç n → ∞ v Dn

	˛Õ2Ê t = 0, ¥_ÛïD Dirac δ-ƒb

Ý
Q¡, Ä¤Bb6˚ Dirichlet �Ñø¡N

ÀPjÖ (approximate identity), òh7k

ªJ‚&

sn(x) =
∫ π

−π
f(x + t)Dn(t)dt −→ f(x), (n → ∞). (3.7)

¥ÿu Fourier �bíY¹4½æ�

BbªJø f(x + t) }jAXƒbDJƒbs¶}

f(x + t) =
1

2

(
f(x + t) + f(x − t)

)
+

1

2

(
f(x + t) − f(x − t)

)

ÄÑ Dn(t) uXƒb, ú sn ¥_�}7kÉ�Xƒbí¶}n�õ., Ä¤ªã¿íu
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3.3 V¡ìÜ: ˛ø f Ñø}¨�ËíU‚ƒb, †

sn(x) =
∫ π

−π

1

2

(
f(x + t) + f(x − t)

)
Dn(t)dt → 1

2

(
f(x+) + f(x−)

)
(n → ∞) (3.8)

à‹ f Ê x õu©/, † sn(x) → 1
2

(
f(x+) + f(x−)

)
= f(x)�

¥ìÜµsBb f 5 Fourier �bMõY¹ (pointwise convergence) ƒ f (.©/í

õ†J˝”ÌD¬”ÌVì2)� Ou¥!‹úyøOíƒb f 1.A
, ÑBóá? BbÛ

bùªÄ� (convolution) í–1:

�ƒ (3.6), ¥_Y¹4½æªJ[ýÑ

sn(x) = f ∗ Dn(x) → f(x) ↔ Dn(x) → δ(x) (3.9)

δ(x) ÿu Dirac δ-ƒb, Dirac å�5ì2Ñ

3.4 ì2: ©/ƒb {Kn}n Å—�-ú_‘K†˚Ñø Dirac å�:

(1) Kn ≥ 0, n = 1, 2, 3, . . .

(2)
∫ ∞
−∞ Kn(x)dx = 1, n = 1, 2, 3, . . .

(3) #ì ε > 0, δ > 0, æÊ n0 U) n ≥ n0 †
∫
|x|≥δ Kn(x)dx < ε�

1

0-1 -1

t = 0.03

t = 0.1

t = 0.4

x

Ç�

òh7k, Dirac å�õ–Vÿd Gauss


G}º� O'.íu Dirichlet � Dn 1.

x�¥éNÀPjÖí4”, è6ªòQâ Dn

5Ç$hô7), |3bí˚Ø Dn(t) Ï.Ö

ÿu sin nt, 7¥b�úL< t ·.Y¹, ÑO

s�¥˚Ø, ª�‚bçð Féjer (1880-1959)

í¦Hj�u*�X�ÌOG�¥;¶wõ'A

ÍË, Wàb� {xn}n Y¹ƒ x, xn → x †w

�Ì6 Y¹ƒ x, 1
n
(x1 +x2 + · · ·+xn) → x,

¥5º.c)A
;

xn → x ⇒ 1

n
(x1 + x2 + · · ·+ xn) → x

1

n
(x1 + x2 + · · ·+ xn) → x �⇒ xn → x

(MõY¹J�˚Ø, Bbÿ¦�Ìtõõ7�ÌÿuÿY¹!)
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4. Féjer �:

Féjer 5? sn í�X�Ì

σn(x) =
1

n

(
s0(x) + s1(x) + · · · + sn−1(x)

)

=
1

n

∫ π

−π
f(t)

(
D0(x − t) + D1(x − t) + · · ·+ Dn−1(x − t)

)
dt

=
∫ π

−π
f(t)Kn(x − t)dt =

∫ π

−π
f(x + t)Kn(t)dt. (4.1)

¥_�}˚Ñ Féjer Jæ�} (Féjer singular integral), w2

Kn(t) =
1

n

n−1∑
j=0

Dj(t) =
1

n

(
D0(t) + D1(t) + · · ·+ Dn−1(t)

)
, (4.2)

ÿu Féjer � (Féjer kernel) â Dirichlet � Dn 5t�D Euler t�l�ª)

2nπKn(t) =
n−1∑
j=0

sin(j + 1
2
)t

sin t
2

=
1

sin t
2

Im
( n−1∑

j=0

ei(j+ 1
2
)t

)

=
1

sin t
2

Im
(
eit/2 eint − 1

eit − 1

)
=

1 − cos nt

2 sin2 t
2

=
(sin nt/2

sin t/2

)2
, (4.3)

w2

Kn(t) =
1

2nπ

(sin nt/2

sin t/2

)2
. (4.4)

ú Féjer � Kn(t) 7k, …íüuø_ Dirac å��

x

Ç�

4.1 ùÜ: Kn(t) x��-54”

(1) Kn(t) uø 2π, U‚ƒb

(2)
∫ π

−π
Kn(t)dt = 1,

(3) Kn(t) ≥ 0,

(4) #ì δ > 0, † lim
n→∞

∫
δ≤|t|≤π

Kn(t)dt=0�

„p: BbÉÛ„p (4), â£ýƒb54

”, J δ ≤ |t| ≤ π, † 1
sin2 t

2

≤ 1
sin2 δ

2

, ]

0 ≤ Kn(t) ≤ 1
2nπ

1
sin2 δ

2

, ÄÑ Kn → 0 (ø_

Y¹), ]
∫
δ≤|t|≤π Kn(t)dt → 0� Kn(t) í−

„ƒb (dominated function) ªâ£ýƒb54”7V:

1

sin2 x
≥ 1

x2
(ÄÑ | sin x| ≤ |x|)

1

sin2 x
≥ 1
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s�ó‹
1

sin2 x
≥ 1

2

(
1 +

1

x2

)
=

x2 + 1

2x2

FJ sin2 1
2
nt ≤ 2n2t2

n2t2+4
ÇøjÞç |t| ≤ π/2 † | sin t| ≥ 2

π
|t| FJ sin2 t

2
≥ t2

π2 Ä¤

Kn(t) ≤ nπ

n2t2 + 4
(4.5)

∫ π

−π
Kn(t)dt ≤

∫ π

−π

nπ

n2t2 + 4
dt ≤

∫ ∞

−∞
πdξ

ξ2 + 4
=

π2

2

4.2 Féjer-Cesaro V¡ìÜ: ˛ø f Ñø}¨©/íU‚ƒb, † limn→∞ σn(x) =

limn→∞ Kn ∗ f(x) = f�

Sn(x) D σn(x) 5É[ªJ¥óõ: lø σn(x) [ýA Fourier �b

σn(x) =
a0

2
+

n∑
k=1

n − k

n
(ak cos kx + bk sin kx), (4.6)

FJ

Sn(x) − σn(x) =
n∑

k=1

k

n
(ak cos kx + bk sin kx), (4.7)

�j5(�}
1

π

∫ π

−π
[Sn(x) − σn(x)]2dx =

n∑
k=1

k2

n2
(a2

k + b2
k), (4.8)

Ä¤Y¹íß;ÿâ Fourier [b ak, bk 7ì�

5. Poisson �:

Çøn� Fourier �bY¹4½æíj¶uâ”nbç Abel (1802-1829) FT, #ì

ª�}íU‚ƒb f , ø5[Ñ Fourier �b (·<Bbø x ²Ñ θ J[ýi�)

f(θ) ∼ S[f ] =
1

2
a0 +

∞∑
n=1

(an cos nθ + bn sin θ). (5.1)

Fourier[bÑ ( an

bn

)
=

1

π

∫ π

−π
f(θ)

( cos nπ

sin nπ

)
dθ. (5.2)

(5.1) ªeÑÀPÆ,í Fourier �b, ÛÊzš� r 65?ª 

f(r, θ) =
1

2
a0 +

∞∑
n=1

(an cos nθ + bn sin nθ)rn 0 ≤ r < 1. (5.3)
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¥u S[f ] í Abel �Ì (Abel mean), ø (5.2) Hp (5.3) f(r, θ) ªJ[ýÑ

f(r, θ) =
1

2π

∫ π

−π
f(ϕ)dϕ +

∞∑
n=1

rn

π

∫ π

−π
f(ϕ)

(
cos nϕ cos nθ + sin nϕ sin nθ

)
dϕ

=
1

2π

∫ π

−π
f(ϕ)

[
1 + 2

∞∑
n=1

rn cos n(θ − ϕ)
]
dϕ

=
1

2π

∫ π

−π
f(ϕ)

1 − r2

1 − 2r cos(θ − ϕ) + r2
dϕ =

1

2π

∫ π

−π
f(ϕ)P (r, θ − ϕ)dϕ, (5.4)

w2

P (r, θ) ≡ 1 + 2
∞∑

n=1

rn cos nθ =
1 − r2

1 − 2r cos θ + r2
, (5.5)

ÿu Poisson � (Poisson Kernel), 7 f(r, θ) †˚Ñƒb f í Poisson �}t� (Poisson

integral formula)� N¬ Euler t�ªJø P (r, θ) Ÿ)y��

P (r, θ) =
∞∑
−∞

r|n|einθ =
∞∑

n=0

rneinθ +
∞∑

n=1

rne−inθ (5.6)

Bb.âb° r < 1, † (5.6) 5¬�nus_Y¹í�ª�b, à¤n?\„Bb‡ÞFd

5l�, Wà�}DÌ¤�b5�²nu¯¶í, J Re(f), Im(f) H[ f 5õ¶D™¶

P (r, θ) = Re(1 + 2z + 2z2 + 2z3 + · · ·) = Re
(1 + z

1 − z

)
, z = riθ

=
1

1 − reiθ
+

re−iθ

1 − re−iθ
=

1 − r2

(1 − reiθ)(1 − re−iθ)
=

1 − r2

1 − 2r cos θ + r2
(5.7)

P (r, θ) =
1 − r2

1 − 2r cos θ + r2
=

1 − r2

(1 − r2) + 4r sin2 θ
2

(5.8)

ßZøT, à‹¦™¶ª)

Im
(1 + z

1 − z

)
= 2

∞∑
n=1

rn sin nθ =
2r sin θ

1 − 2r cos θ + r2

Poisson�x� Féjer �F�54”, 7/ª Féjer �´b�Ë (smooth)� I

Pr(θ) ≡ 1

2π
P (r, θ) =

1

2π

1 − r2

1 − 2r cos θ + r2
(5.9)

éÍ Pr(θ) uø¶‚ƒb (¶‚�k 2π), Pr(θ) = Pr(−θ) y/ Pr(θ) uø Dirac å�, O

w<2D Féjer �I�.°, ¤vBbF¦í—{ (index) u r .u n, 7/5?íu r → 1

5WÑ (Ý n → ∞)
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5.1 ìÜ: Pr(θ) uø Dirac å�

(1) Pr(θ) ≥ 0, 0 ≤ r < 1,

(2)
∫ π

−π
Pr(θ) = 1,

(3) #ì ε, δ > 0, æÊ r0, 0 < r0 < 1, U)

∫ −δ

−π
Pr(θ)d(θ) +

∫ π

δ
Pr(θ)d(θ) < ε�

(3) µsBbç r → 1 v, Pr(θ) 5WÑÿd δ-ƒb� ÄÑ 0 ≤ r < 1, â (5.9) .Øõ

|V Pr(θ) ≥ 0� wŸ ∫ π

−π
einθdθ =


2π, n = 0

0, n �= 0

‚à (5.6)DMá�}, ñø�õ.íu
bá (n = 0), FJ
∫ π
−π Pr(θ)dθ = 1 |(Bb„p

(3), J |θ| ≥ δ > 0, † 1
1−2r cos θ+r2 ≤ 1

1−2r cos δ+r2 ‚à�}ªJ„p}‚ 1− 2r cos δ + r2

(eÑ r íƒb) 5”üM�k 1− (cos θ)2 (ßÞÊr = cos δ), Ä¤ 1
1−2r cos θ+r2 uø_�ä

(eÑ r íƒb), ] limr→1−
1−r2

1−2r cos θ+r2 = 0, FJâø_Y¹ª!�
∫
δ≤|θ|≤π Pr(θ)dθ < ε,

ÄÑ Pr(θ) uø Dirac å�, FJâ Dirac å�54”ª)

5.2 Poisson V¡ìÜ: ˛ø f Ñø}¨©/íU‚ƒb, † limr→1 Pr ∗ f = f

Poisson�|½bí@àuR�}j˙2í Laplace j˙í Dirichlet ½æ

(D.E.) ∆u = uxx + uyy = 0, x2 + y2 ≤ 1

(B.C.) u(x, y) = f(x, y), x2 + y2 = 1

w2ƒb f u˛øíiä‘K� ¥_R�}j˙íj£ßÿu Poisson �}t� (5.3), òh

,ªJà¤õ: Å— ∆u = 0 íƒb, 6˚Ñ|¸ƒb (harmonic function), âk rn cos nθ,

rn sin nθ u|¸ƒb (£ßuj&ƒb: zn = (x + iy)n = rneinθ 5õ¶D™¶), 7/J

cos nθ, sin nθ(r = 1) ÑwiäM, ÄÑ Laplace j˙u(4í (linear), FJâ½LŸÜª

ø f(r, θ) FH[í£uÀPÆbí|¸ƒb, 7/wiäM�k f(θ) ¥õÊuIA˚ˇí

!‹, Ÿl«Øíu�bY¹í½æ, (Vº|A<e5Õ)ƒ Dirichlet ½æí�üj! b„

p Pr(θ) uø|¸ƒbÛIõ‰−, ílø Laplace �ä ∆ = ∂2

∂x2 + ∂2

∂y2 , ‚à©��ZŸ

A”è™5$� (x = r cos θ , y = r sin θ)

∆ =
∂2

∂x2
+

∂2

∂y2
=

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2
(5.10)

Má�}ª„p Pr uø|¸ƒb ∆Pr(θ) = 0, ÇÕúkÄ� (convolution integral) g ∗
f(x), ƒb f , g w2Éb�øáußƒb (Wà g ∈ C∞) † g∗f ÿ�µóß (g∗f ∈ C∞);
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Dm(g ∗ f) = Dmg ∗ f

dm

dxm

∫
g(x − y)f(y)dy =

∫
dm

dxm
g(x− y)f(y)dy. (5.11)

�ƒ Poisson �}

∆(Pr∗f) = ∆
1

2π

∫ π

−π
P (r, θ−ϕ)f(ϕ)dϕ =

1

2π

∫ π

−π
∆P (r, θ−ϕ)f(ϕ)dϕ = ∆Pr ∗f = 0,

(5.12)

FJ Poisson �} Pr ∗ f(θ) üõuø|¸ƒb, 7/ Poisson V¡ìÜµsBbwiäM

£u f(θ)�

Ë“:

I x = π
2
, †ƒb f (¡5 (2.13)) 5 Fourier �bÿuO±í Leibniz-Gregory �b

π

4
= 1 − 1

3
+

1

5
− 1

7
+ · · · (A.1)

Ou¥_�bíY¹§0'M, BbªJ�â�}JÓ‹wY¹§0� cq 0 < x < π, †

(A.1) ªJŸA (ÄÑ f(x) = 1)

π

4
= sin x +

1

3
sin 3x +

1

5
sin 5x + · · · (A.2)

* 0 ƒ x �}

π

4
x = (1 − cos x) +

1

32
(1 − cos 3x) +

1

52
(1 − cos 5x) + · · · . (A.3)

I x = π
2

ª)t�

π2

8
= 1 +

1

32
+

1

52
+ · · · (A.4)

FJ ((A.4), (A.3) s�óÁ)

π

4
(
π

2
− x) = cos x +

1

32
cos 3x +

1

52
cos 5x + · · · (A.5)

yŸ�}
π

8
(πx − x2) = sin x +

1

32
sin 3x +

1

52
sin 5x + · · · (A.6)

I x = π
2

ª)Çø_éNí Leibniz �b

π3

32
= 1 − 1

33
+

1

53
− 1

73
+ · · · (A.7)
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(A.6) y�}øŸ,

π

8
(π

x2

2
− x3

3
) = 1 − cos x +

1

34
(1 − cos 3x) +

1

54
(1 − cos 5x) + · · · (A.8)

I x = π
2

)

π4

3 · 32
= 1 − 1

34
+

1

54
− 1

74
+ · · · (A.9)

FJ
π

8
(
π3

12
− πx2

2
− x3

3
) = cos x +

1

34
cos 3x +

1

54
cos 5x + · · · (A.10)

‚à,Þí!‹Bb´ªJ)ƒyÖí°¸t�, Wà (A.4) ‹Xb¶}

π2

8
+

1

4

∞∑
n=1

1

n2
=

(
1 +

1

32
+

1

52
+ · · ·

)
+

∞∑
n=1

1

(2n)2
=

∞∑
n=1

1

n2

] ∞∑
n=1

1

n2
=

π2

8
· 4

3
=

π2

6
(A.11)

(A.9) ‹Xb¶}

π4

3 · 32
+

1

16

∞∑
n=1

1

n4
=

∞∑
n=1

1

n4
=⇒

∞∑
n=1

1

n4
=

π4

3 · 32
· 16

15
=

π4

90
(A.12)
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