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2020 NCTU-Math TA training

The definition of limits Let L € R. We write

lim f(z) =L

rT—a

if, for any € > 0, there is § > 0 such that

|f(x) =Ll <e, YO<|z—a|<3.
Question: How to define limits if a = oo and what does it mean if L = oco?

The intermediate value theorem If f : [a,b] — R is continuous, then, for any L
between f(a) and f(b), there is ¢ € (a,b) such that f(c) = L.

Question: Whether the continuity of f can be removed or [a, b] can be replaced by any
of its subsets that contain a and b7

The extremum value theorem If f : [a,b] — R is continuous, then f attains its
maximum and minimum values. That is, there are «, 8 € [a, b] such that

fla) < f(x) < f(B), Vx €la,b].

Question: What’s the extremum value theorem for functions of multiple variables?

The definition of differentiation Let a € R. A function f is differentiable at a if

@) it ) = S)

T—a T —a

exists,

or equivalently if there is (unique) M € R such that
1) [f(a) + Mz~ a)]

z—a |x - a|

=0.

In particular, M = f’(a).

Question: How to define the differentiation of multiple-variable functions?

The mean value theorem for derivatives) Let f be a function defined on [a,b].
If f is continuous on [a, b] and differentiable on (a, b), then there is ¢ € (a,b) such that

f(®) — f(a)
b—a

fi(e) =

Question: Can one remove the continuity or differentiability of f? Does the mean
value theorem apply for vector functions?

The chain rule If f is differentiable at « and ¢ is differentiable at f(z), then go f is
differentiable at z and (g o f) (z) = ¢'(f(x)) f'(z).

Question: What is the chain rule for go f if x € R™, f(x) € R™ and g(f(x)) € RP
with m,n,p € N?




(7) The inverse function theorem Suppose f : (a,b) — R is one-to-one and differen-
tiable on (a,b). If f/(x) # 0, then f~1is differentiable at f(x) and
1
f—l / f T ——
(Y0 = 55
Question: What is the inverse function theorem for f : U — R", where U is an open
subset of R"?

(8) The ’Hospital’s rule Let f, g be differentiable functions defined on (a,b). Assume
that

lim f(z)= lilrn+ g(x) € {0,£o00}, lim @) € RU{£o0}.

z—at z—at g/(l‘)
Then,
tim £&) _ L)

z—at g(x) z—at g’(x) ’

Question: Does the 'Hospital’s rule hold for the case that a € {£oo}?

(9) The fundamental theorem of calculus Let f : [a,b] — R be continuous.
(1) If F(z) = [” f(t)dt, then F is an antiderivative of f on (a,b) and continuous on
[a.b].
(2) If G : [a,b] — R is an antiderivative of f on (a,b) and continuous on [a, b], then

P F(tydt = G(b) — Gla).

Question: Can one remove the continuity of f7

(10) The mean value theorem for integrals If f : [a,b] — R is continuous, then there
is ¢ € (a,b) such that

b
[ t@de = 100 a).
Question: Can one remove the continuity of f?

(11) Lagrange multipliers Let f,gi,..., gx : R” — R be continuously differentiable func-
tions with £ <n and E = {z € R"|g;(x) = 0,V1 < i < k}. Suppose Vgi(z), ..., Vgi(x)
are linearly independent for all x € E. If f, restricted to F, attains its maximum or
minimum at P, then there are constants cy, ..., ¢; such that

Vf(P)=c1Vgi(P)+ -+ cxVgp(P).

Question: Can one remove the linear independency of Vg, ..., Vgi?

(12) Taylor series and analyticity Let f be a function which is infinitely differentiable
at a. The Taylor series of f centered at a refers to the following series
(1) The Taylor series of f centered at a refers to the following series

> ) (g
T(:U)Z:Zf '()(w—a)".
n=0 )

n

(2) f is analytic at a if there is € > 0 such that
flz)=T(x), Ya—e<z<a+e.

Question: What are the radius of convergence and interval of convergence of 77 What
is the Taylor series of function f : R” — R at a € R"?
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