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The Basis of si5(K)

(%)= ()= ()

h,e, f satisty
[hae]:2€7 [haf]:_Qfa [eaf]:h
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Another Basis of

slo(K)
A(1 2)73(1 0 )70(1 o).
0 1 0 —1 9 1
A, B, C satisty

A, B] = —2A — 2B,[B,C] = —2B — 2C,
C, Al = —20 — 2A.
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Bidiagonal Matrices

Let X denote a square matrix. We say X is upper
bidiagonal whenever both (i) each nonzero entry
of X Is on the diagonal or superdiagonal; (ii) each
entry on the superdiagonal of X is nonzero. We
say X is lower bidiagonal whenever the transpose
of X Is upper bidiagonal.
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Bidiagonal Triple

Let K be an algebraically closed field with charac-
teristic 0. Let V denote a vector space over K with
finite positive dimension. By a bidiagonal triple on
V we mean a sequence of linear transformations
A, B,C : 'V — V that satisfy the following three
conditions:
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Bidiagonal Triple

() There exists a basis for V with respect to
which the matrices representing A, B, C are
upper bidiagonal, diagonal, and lower
bidiagonal, respectively.

(i) There exists a basis for V with respect to
which the matrices representing B, C, A are
upper bidiagonal, diagonal, and lower
bidiagonal, respectively .

(i) There exists a basis for V with respect to
which the matrices representing C', A, B are
upper bidiagonal, diagonal, and lower
bidiagonal, respectively. sdagona s ane aarum Uq(s1) o727



A, C as before and

(¢ 0 0 0 )
0 g 0 0
0 0 gt 0
\ 0 0 0 ¢

Then A, B, C'Is a bidiagonal triple.
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More Examples

(i) A is upper bidiagonal with entries A;; = ¢* "
for0<i<mnand A, =q"—q¢* ™ for
0<:<n-—1.

(i) B is diagonal with B;; = ¢"* for 0 < i < n.

(iii) C is lower bidiagonal with entries C;; = ¢*™"

for0 <i<nandC;; ;=q " —q¢* " for
1 <1< n.

Then the sequence A, B, C' is a bidiagonal triple
on K™ (with base ¢).
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More Examples

(1) A is upper bidiagonal with entries A;; = 2i — n
for 0 <i<mnandA;;+ =2n — 2 for
0<i:<n-—1.

(i) B is diagonal with B;; =n — 2:for 0 <1 < n.

(i) C is lower bidiagonal with entries C;; = 2i — n
for0 <7 <nand Ci,z'—l = —2ifor1 <i<n.

Then the sequence A, B, C' is a bidiagonal triple
on K*™! (with base ¢ = 1).
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Normalized
Bidiagonal Triples

We refer all of the above mentioned bidiagonal
triples as normalized bidisgonal triples with base g.
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Lemma

Let A, B, C denote a bidiagonal triple on V. Let
aT, 3%, ~vF denote scalars in K with o™, 87, ~"
nonzero. Then the sequence

a"A+a”l, BTB+BI, ~vTCH+~71

IS a bidiagonal triple on V.
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Affine Equivalence

Let A, B,C and A', B', C' denote two bidiagonal
triples on V. We say these two sequences are
affine equivalent whenever

/

A=atA+a I.B =38 B+571.C =~ C+~71

for some scalars oT, 5%, K with at, 57, "
nonzero.
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Main Theorem

Each bidiagonal triple is affine equivalent to a nor-
malized bidiagonal triple with base q.
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Lie Algebra si»(K)

This algebra has a basis e, f, h satisfying
hoel=2e, [hfl=-2f  [le.f]=h

where [, | denotes the Lie bracket.
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Irreducible
slo-Modules

There exists a family

A\ n=20,1,2,... (1)

of finite dimensional irreducible sis-modules with
the following properties. The module V, has a
basis vy, v1,...,v, satisfying hv; = (n — 2i)v; for
0<i<mn, fuu=>GE+ 1N for0 <i < n-—1,
fog=0,ev; =(n—i+1)v;_1forl <i<n,evy=0.
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Irreducible
slo-Modules

Every irreducible sl,-module of dimension n+ 1 is
isomorphic to the V,, in previous slide.
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A}Iternative Basis for
St9

Setx = —h+2e,y=h,z=—h—2f1in sly. Then
x, 1y, z IS another basis of s, satisfying

z,y| = —2x—2y, |y, 2] = —2y—2z2, |z, x| = —2z—2x.
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Bidiagonal Triples
and sl

The alternate basis z, vy, z of sl act on V,, as a
bidiagonal triple.



Uq(slo)

Quantum algebra U,(sl,) is the unital associative

K-algebra with generators e, f, k, kK~ and the
following relations:

kk =k =1,

kek™ = ¢’e, kfk™! = ¢ f,
k— k1

€f - f€ — 1
qg—dq

where ¢ € K is not a root of unity.
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Alternative

The quantum algebra U,(sly) is isomorphic to the
unital associative K-algebra with generators
z,v, 2,2t and the following relations:

yy L=y ly =1,

vy —q yr
q—q! |
yz—q 2y _
q—q? |
qgzx — q txz _q

q—q!
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An isomorphism is given by:
yil _ kil7
2 — kT +f
r — k'—qlqg—q¢ ke

The inverse of this isomorphism is given by:

Bl gL
f—= 2=y,
1 —yx
€

q(q—q1)?*
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Irreducible
U,(slo)-Modules

There exists a family

V., eef{l,—-1}, n=012...

of finite dimensional irreducible U,(sls)-modules
with the following properties. The module V., has
a basis ug, uy, ..., u, such that ku;, = ¢ *u; for
0<i<m, fu =i+ 1uy for0 < i < n—1,
fu, =0, eu; = eln —i+ 1u;—; for1 <7 < n,

eug = 0.
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Irreducible
U,(slo)-Modules

Every irreducible U, (sly)-module of dimension n+
1 is isomorphicto V_; , or V.



Bidiagonal Triples

Let V., denote the finite dimensional irreducible
U,(sls)-module. Then the alternate generators
ex,ey,ez acton V_, as a bidiagonal triple.
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Thank You

Bidiagonal triples andthe quantum group Uq (s l 2 ) - p.27/27



	The Basis of $sl_2(mathbb {K})$
	Another Basis of $sl_2(mathbb {K})$
	Bidiagonal Matrices
	Examples
	Bidiagonal Triple
	Bidiagonal Triple
	Example
	Proof
	More Examples
	More Examples
	Normalized Bidiagonal Triples
	Lemma
	{	ext Aff}ine Equivalence
	Main Theorem 
	Lie Algebra $sl_2(mathbb {K})$
	Irreducible $sl_2$-Modules
	Irreducible $sl_2$-Modules
	Alternative Basis for $sl_2$
	Bidiagonal Triples and $sl_2$
	$U_q(sl_2)$
	Alternative Presentation
	Proof
	Irreducible $U_q(sl_2)$-Modules
	Irreducible $U_q(sl_2)$-Modules
	Bidiagonal Triples and $U_q(sl_2)$
	Thank You

