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Graph puzzle

Wilson, Richard M., Graph puzzles, homotopy, and the alternating group.
J. Combinatorial Theory Ser. B 16 (1974), 86-96.
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Lit-only o-game on a graph

£ (Dep. of A. Math., NCTU, Taiwan) Lit-only game August 7, 2010 4 /36



2010 FlSEEF T mitET &
References

@ Meng-Kiat Chuah and Chu-Chin Hu, Equivalence classes of Vogan
diagrams, Journal of Algebra, 279(2004), 22-37.

@ Meng-Kiat Chuah and Chu-Chin Hu, Extended Vogan diagrams,
Journal of Algebra, 301(2006), 112-147.

@ G.J. Chang, Graph Painting and Lie Algebras, 2005 % [& 3 &2 E
BRI & 3 B 5 = BRI £ B sm B A 2T & 3, 2005/6/26-30.

%X (Dep. of A. Math., NCTU, Taiwan) Lit-only game August 7, 2010 5/ 36



2010 FHESBUEEFT R VET G

R A AR

@ FJ is the set of colorings (configurations) of n-vertex simple graph
G to black and white (1 = black, 0 = white).
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R A AR

@ FJ is the set of colorings (configurations) of n-vertex simple graph
G to black and white (1 = black, 0 = white).

@ Let A be the adjacency matrix of G. Then L; € Mat,x,(F2) such that

Liv=u+ <ej,u>Ae=u-+ e,-TuAe,- =(I+ Ae;e,-T)u.
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R A AR

@ FJ is the set of colorings (configurations) of n-vertex simple graph
G to black and white (1 = black, 0 = white).

@ Let A be the adjacency matrix of G. Then L; € Mat,x,(F2) such that

Liv=u+ <ej,u>Ae=u-+ e,-TuAe,- =(I+ Ae;e,-T)u.

© Hence L; =1+ Ae;e,-T satisfies L,? = [; in particular, L; is invertible.
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R A AR

@ FJ is the set of colorings (configurations) of n-vertex simple graph
G to black and white (1 = black, 0 = white).

@ Let A be the adjacency matrix of G. Then L; € Mat,x,(F2) such that

Liu=u+ <e,u>Ae=u+ e,-TuAe,- =(I+ Ae,-e,-T)u.

© Hence L; =1+ Ae,-e,-T satisfies L,? = [; in particular, L; is invertible.

© What is the matrix subgroup W(G) of GL,(F2) that is generated by
the matrices Ly, Lo, ..., L,7
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Proposition
If i is adjacent to j then (L;L;)3 = 1.
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Proposition
If i is adjacent to j then (L;L;)3 = 1.

Theorem

(Hau-wen Huang, W) If G is the Dynkin diagram of types A, Dy, Es, E7,
or Eg then W(G) is isomorphic to W(G)/Z(W(G)), where W(G) is the
Coxeter group associated with G, and Z(W(G)) is the center of
Z(W(G)).
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Theorem

(Yaokun Wu (R1#3)) If G is a tree with n vertices and L(G) is the line
graph of G, then W(L(G)) is isomorphic to the symmetric group Sp,.
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Theorem

(Yaokun Wu (R1#3)) If G is a tree with n vertices and L(G) is the line
graph of G, then W(L(G)) is isomorphic to the symmetric group Sp,.

Theorem

(Hau-wen Huang, W) If G is a connected graph with n > 3 vertices and m
edges and L(G) is the line graph of G, then

o [ (Z/2z)(r=D(m=n+1) 5 S if n is odd;
W(L(6)) = { (2./27)(n=2)(m=n+1) s S " if n is even,

where 7. is the additive group of integers.
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Lit-only o-game orbits and Maximum-orbit-weight

@ Two configurations are in the same lit-only o-game orbit if one is
obtained from the other by a sequence of lit-only o-moves.
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Lit-only o-game orbits and Maximum-orbit-weight

@ Two configurations are in the same lit-only o-game orbit if one is
obtained from the other by a sequence of lit-only o-moves.

@ The weight w(O) of an orbit O is the minimum number of the
Hamming weights w(u) among all u € O.
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Lit-only o-game orbits and Maximum-orbit-weight

@ Two configurations are in the same lit-only o-game orbit if one is
obtained from the other by a sequence of lit-only o-moves.

@ The weight w(O) of an orbit O is the minimum number of the
Hamming weights w(u) among all u € O.

© The maximum-orbit-weight M(G) of a graph G is the maximum
number of orbit weights w(O) among all orbits O C FJ.
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Lit-only o-game orbits and Maximum-orbit-weight

@ Two configurations are in the same lit-only o-game orbit if one is
obtained from the other by a sequence of lit-only o-moves.

@ The weight w(O) of an orbit O is the minimum number of the
Hamming weights w(u) among all u € O.

© The maximum-orbit-weight M(G) of a graph G is the maximum
number of orbit weights w(O) among all orbits O C FJ.

© M(G) is also called the minimum light number of G.
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When G is a Dynkin diagram, the Borel-de Siebenthal theorem in 1949
says M(G) = 1.
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When G is a Dynkin diagram, the Borel-de Siebenthal theorem in 1949
says M(G) = 1.

Meng-Kiat Chuah (Z&Z#) and Chu-Chin Hu (5823JH) give the lit-only
o-game orbits description when G is a Dynkin diagram or an extended
Dynkin diagram.
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When G is a Dynkin diagram, the Borel-de Siebenthal theorem in 1949
says M(G) = 1.

Meng-Kiat Chuah (Z&Z#) and Chu-Chin Hu (5823JH) give the lit-only
o-game orbits description when G is a Dynkin diagram or an extended
Dynkin diagram.

Theorem

(Hsin-Jung Wu (Rfix&4)), (Xinmao Wang (E#1% )and Yaokun Wu) If G
is a tree then M(G) < [£/2], where { is the number of leafs in G.
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Theorem
(Hau-wen Huang) If G is a tree with a perfect matching then M(G) = 1. J
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The graph G containing induced path P, ;
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The graph G containing induced path P, ;

- O ©

To generalize the results in simply-laced Dynkin diagrams, the orbits

description of the above G is completed, and those graphs G with
M(G) =1 are characterized.

#3Z (Dep. of A. Math., NCTU, Taiwan)
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Lit-only o-game orbits il k%2 BEE M(G) FIRETKE S, BMETTHE
WA —EREE L EMEESERRER. ARME/RE G BB —% loops, BAHH
BREENRR.
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Reeder's game on a graph
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@ M. Reeder, Level-two structure of simply-laced Coxeter groups,
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@ M. Reeder, Level-two structure of simply-laced Coxeter groups,
Journal of Algebra 285 (2005) 29-57.

S B CHdE AR 5!

B * ZKFR Reeder's game 58 HH FERIBRFG, 41 L.
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i

i
For u € F,

INV*(u) = {i|uj=1}|+ {e=1ij | uyy=uj =1}  (mod 2).

u: ._I6 — IV (u) =

T% %5 %%
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I

il

i

o

For u € F,

INV*(u) = {i | ui=1}+ {e=1ij | ui=uj =1} (mod 2).

u ._Iﬁ —  INV*(u)=5=1.
4 %

%%
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AN

il

For u € F,

INV*(u) = {i | ui=1}+ {e=1ij | ui=uj =1} (mod 2).

u ._Iﬁ —  INV*(u)=5=1.
4 %

%%

Note that
INV*(u) = INV*(L; u).
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Reeder AIRE A EEHETHESR:
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Reeder AIRE A EEHETHESR:

Theorem

(Mark Reeder, 2005) Suppose G is a tree with odd number of matchings
of size |n/2], but not a path. If O* is a Reeder’s game orbit, then exactly

one of the the following (i)-(iii) holds.
(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)
(i) O* ={u € FJ | INV¥*(u) = 1}.  (BEHERZFEIE trees,
w(0*) =1)

(i) O*={ue FJ| Au#0,INV*(u) =0}. (BERERIREIE trees,

w(0*) =2)
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Reeder AIRE A EEHETHESR:

Theorem

(Mark Reeder, 2005) Suppose G is a tree with odd number of matchings

of size |n/2], but not a path. If O* is a Reeder’s game orbit, then exactly

one of the the following (i)-(iii) holds.

(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)

(i) O* ={u € FJ | INV¥*(u) = 1}.  (BEHERZFEIE trees,
w(0") =1)

(i) O* ={ue F} | Au#0,INV*(u) =0}. (BEFEBEEE trees,
w(0") = 2)

v

EEEER, FERP—REBIE=EU YRR, HFE Reeder's game H15E
B, R REH—EeERER 1 5 2
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Reeder AIRE A EEHETHESR:

Theorem

(Mark Reeder, 2005) Suppose G is a tree with odd number of matchings

of size |n/2], but not a path. If O* is a Reeder’s game orbit, then exactly

one of the the following (i)-(iii) holds.

(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)

(i) O* ={u € FJ | INV¥*(u) = 1}.  (BEHERZFEIE trees,
w(0") =1)

(i) O* ={ue F} | Au#0,INV*(u) =0}. (BEFEBEEE trees,
w(0") = 2)

SEEENER, SER—RBTE S LR B, BAE Reeder's game H14E
B, QBB —FREME 1 3 2 (REBHEES HIT).

v
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Reeder AIRE A EEHETHESR:

Theorem

(Mark Reeder, 2005) Suppose G is a tree with odd number of matchings

of size |n/2], but not a path. If O* is a Reeder’s game orbit, then exactly

one of the the following (i)-(iii) holds.

(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)

(i) O* ={u € FJ | INV¥*(u) = 1}.  (BEHERZFEIE trees,
w(0") =1)

(i) O* ={ue F} | Au#0,INV*(u) =0}. (BEFEBEEE trees,
w(0") = 2)

SEEENER, SER—RBTE S LR B, BAE Reeder's game H14E
B, QBB —FREME 1 3 2 (REBHEES HIT).
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Reeder AIRE A EEHETHESR:

Theorem

(Mark Reeder, 2005) Suppose G is a tree with odd number of matchings

of size |n/2], but not a path. If O* is a Reeder’s game orbit, then exactly

one of the the following (i)-(iii) holds.

(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)

(i) O* ={u € FJ | INV¥*(u) = 1}.  (BEHERZFEIE trees,
w(0") =1)

(i) O* ={ue F} | Au#0,INV*(u) =0}. (BEFEBEEE trees,
w(0") = 2)

v

B EENR, SER—RBUOE=FEU L EE, BHIE Reeder's game HgE
B, QBB —EREREE 1 5 2 (REEERA ).
I EE R LAB B2 path B tree EREKITIIE?
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—REH
Exercise
(Hau-wen Huang)
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Binary star (%82) P;,p, t > 4
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Binary star (%82) P;,p, t > 4

Pe.3,1

e

soo\csc

-
2

WO
= O—C

0

Pnoo = Pn is a path of length n — 1.
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KFEFH " BEER", "oXES", "LUERE", KA seiRmErRxEH
UTEH:
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KFEFH " BEER", "oXES", "LUERE", KA seiRmErRxEH
UTEH:

Theorem

(Hau-wen Huang, Yu-Sheng, Lin ((KB4), W) If G is a tree, but not P ,
for t > 6, and O* is a Reeder’s game orbit, then exactly one of the the
following (i)-(iii) holds.
(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)
(i) O*={ue Fy | INV*(u) =1},  (REEBEEFBUIE trees,
w(0*)=1)

(i) O* ={u€ Fy | Au#0,INV*(u) = 0}. (BERERKEEUR trees,
w(0*) =2)

August 7, 2010 27 / 36
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KFEFH " BEER", "oXES", "LUERE", KA seiRmErRxEH
UTEH:

Theorem

(Hau-wen Huang, Yu-Sheng, Lin ((KB4), W) If G is a tree, but not P ,
for t > 6, and O* is a Reeder’s game orbit, then exactly one of the the
following (i)-(iii) holds.
(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)
(i) O*={ue Fy | INV*(u) =1},  (REEBEEFBUIE trees,
w(0*)=1)

(i) O* ={u€ Fy | Au#0,INV*(u) = 0}. (BERERKEEUR trees,
w(0*) =2)

LB DS ?
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HMVEFIH " BEES", "03EE", " DURRE", K] selRinEay BREGEN

UTEH:

Theorem

(Hau-wen Huang, Yu-Sheng, Lin ((KB4), W) If G is a tree, but not P ,
for t > 6, and O* is a Reeder’s game orbit, then exactly one of the the

following (i)-(iii) holds.
(i) O* = {u} for some u € FJ with Au=0; (REE—-TE%)

(i) O* ={uec FJ | INV*(u) = 1}.  (BEERZFEIE trees,
w(0*) =1)

(i) O* ={u€ Fy | Au#0,INV*(u) = 0}. (BERERKEEUR trees,

w(0*) =2)

RIETLIE? EIERERERTHIE.

August 7, 2010
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Stars, Py ap, B Ps . p RIESEHAKE, 27 2800 EBIIRI R, AIRERE
g, RESRREREH
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Stars, Paap, K Psap FIESENKE, 27 =0 HBIRBE, WNRERE
B, RESEBERY. ATHE—ER E RHTHE.

wG— O o

0

E¢

aQ
»C
O
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REGRE LT 5 # B

Lemma

If G is a tree containing a subgraph isomorphic to Eg , and O* is a

Reeder’s game orbit, then exactly one of the the following (i)-(iii) holds.

(i) O* = {u} for some u € FJ with Au=0; (REE—TE%)

(i) O* ={uec Fy | INV*(u) =1}. (BERERKZIEUE trees,
w(0*)=1)

(i) O* ={u € Fy | Au#0,INV*(u) = 0}. (BEREREHEIE trees,
w(0") =2)

%X (Dep. of A. Math., NCTU, Taiwan) Lit-only game August 7, 2010 29 / 36



2010 FHESBUEEFT R VET G

REGRE LT 5 # B

Lemma

If G is a tree containing a subgraph isomorphic to Eg , and O* is a

Reeder’s game orbit, then exactly one of the the following (i)-(iii) holds.

(i) O* = {u} for some u € FJ with Au=0; (REE—TE%)

(i) O* ={uec Fy | INV*(u) =1}. (BERERKZIEUE trees,
w(0*)=1)

(i) O* ={u € Fy | Au#0,INV*(u) = 0}. (BEREREHEIE trees,
w(0") =2)
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Proof.
Q # G WEEERME.
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Proof.
Q # G WBREEERE.

Q MWE G A (unique) perfect matching, B G = Eg, &5 H
Reeder's HIFEE.

%X (Dep. of A. Math., NCTU, Taiwan) Lit-only game August 7, 2010 30/ 36



2010 FHESBUEEFT R VET G

Proof.
Q # G WBREEERE.

Q MWE G A (unique) perfect matching, B G = Eg, &5 H
Reeder's HIFEE.

Q@ 4 x & Es LU leaf. AIERER x BHA.
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Proof.
Q # G WBREEERE.

Q MWE G A (unique) perfect matching, B G = Eg, &5 H
Reeder's HIFER.

Q@ 4 x & Es LU leaf. AIERER x BHA.
O FIRERE, TR x BHE—TEINE, ATl x WERRE.
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Proof.
Q # G WBREEERE.

Q MWE G A (unique) perfect matching, B G = Eg, &5 H
Reeder's HIFER.

Q & x & Es LAY leaf. AIRER x B A,

O FIREME, fIRER x HE—TIEIRYES, FTll x ERRE.

Q L% x & Es LIS ME—RY leaf. Bl G = P,_g + Eg + e, HH132 e E
B P,_e MNImaLE] Es FH.
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Proof.
Q # G WBREEERE.

Q MWE G A (unique) perfect matching, B G = Eg, &5 H
Reeder's HIFER.

Q 4 x & Es LIS leaf. AIERER x BH .

O FIREME, fIRER x HE—TIEIRYES, FTll x ERRE.

Q L% x & Es LIS ME—RY leaf. Bl G = P,_g + Eg + e, HH132 e E
B Pn_e HimBLE] Ee HEEL.

Q TR& G 1% perfect matching. Fill G — x —EH.
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Proof.
Q # G WBREEERE.

Q MWE G A (unique) perfect matching, B G = Eg, &5 H
Reeder's HIFER.

Q 4 x & Es LIS leaf. AIERER x BH .

O FIREHE, AlRE x SHE—FTEIRVES, Frll x A E— B,

Q L% x & Es LIS ME—RY leaf. Bl G = P,_g + Eg + e, HH132 e E
B Pn_e HimBLE] Ee HEEL.

Q TR& G 1% perfect matching. Fill G — x —EH.

Q@ & G — x THEH), BRE G — x FHEZ2H, E x IHEREFE.
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Proof.
Q # G WBREEERE.

Q MWE G A (unique) perfect matching, B G = Eg, &5 H
Reeder's HIFER.

Q 4 x & Es LIS leaf. AIERER x BH .

O FIREHE, AlRE x SHE—FTEIRVES, Frll x A E— B,

Q L% x & Es LIS ME—RY leaf. Bl G = P,_g + Eg + e, HH132 e E
B Pn_e HimBLE] Ee HEEL.

Q TR& G 1% perfect matching. Fill G — x —EH.

Q@ & G — x THEH), BRE G — x FHEZ2H, E x IHEREFE.

Q FiLAES—ME leaf y IFE Es E.
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Proof.
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X, Yy, A Es EHY leafs. x BH, EME—7] LIBIRYES.
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Proof.
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X, Yy, A Es EHY leafs. x BH, EME—7] LIBIRYES.
y BEE. H x BT y, W x, y BREEHA,
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Proof.
\

wG— O o
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et
| L

X, Yy, A Es EHY leafs. x BH, EME—7] LIBIRYES.
y BEE. H x BT y, W x, y BREEHA,
HERHSZENAERR LE=FE 2 LaEE), MUERRER G —y £
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i A G R O B R MRS R RO EE " BEEG", "AES", " —K
EE, " LURRE TR,
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& A A FA O BRMGERRIEE " BEER", "23ES", " —K
EE, " LURFE" o2 R, T E AT A ET 2 path BIRERAEA

EEE.
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& A A FA O BRMGERRIEE " BEER", "23ES", " —K
EE, " LURFE" o2 R, T EIE AT A ET 2 path BIRERAEA
4R (BTHMEEEREREE E TERVRR).
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& A A FA O BRMGERRIEE " BEER", "23ES", " —K
EE, " LURFE" o2 R, T EIE AT A ET 2 path BIRERAEA
4R (BTHMEEEREREE E TERVRR).

WA Ee & Eo + Pp—o + e HUBREE, FI5IA T Reeder HIHE
R, HPHFTE Eo + Pro + e TE2Z path EHE.
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& A A FA O BRMGERRIEE " BEER", "23ES", " —K
EE, " LURFE" o2 R, T EIE AT A ET 2 path BIRERAEA
4R (BTHMEEEREREE E TERVRR).

WS EREIA R Es & Ee + Pr¢ + e HIERRE, FM5IH T Reeder KIS
R, HPhFE Es + Poo + e TE=2 path EHE.

Es =Hx/INE perfect matching XA path Y tree.
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ki

@ L} € Mat,x,(F2) such that

Liu=ut < Aej,u> e = u+ ¢ Aue; = (I + eje]” A)u.

X (Dep. of A. Math., NCTU, Taiwan) Lit-only game



2010 FHESBUEEFT R VET G

ki

@ L} € Mat,x,(F2) such that

Liu=ut < Aej,u> e = u+ ¢ Aue; = (I + eje]” A)u.

@ Hence L} =1 +eel A=L].
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F B

@ L} € Mat,x,(F2) such that

Liu=ut < Aej,u> e = u+ ¢ Aue; = (I + eje]” A)u.

@ Hence L} =1 +eel A=L].
Q AL: = A(l +ereT A) = (I + AeeT)A = LiA.
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F B

@ L} € Mat,x,(F2) such that

Liu=ut < Aej,u> e = u+ ¢ Aue; = (I + eje]” A)u.

@ Hence L} =1 +eel A=L].

Q AL: = A(l + eie A) = (I + AeieT)A = L;A.

Q If O* is a Reeder's game orbit then O := AO* is a lit-only o-game
orbit.
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F B

@ L} € Mat,x,(F2) such that

Liu=ut < Aej,u> e = u+ ¢ Aue; = (I + eje]” A)u.

@ Hence L} =1 +eel A=L].

Q AL: = A(l + eie A) = (I + AeieT)A = L;A.

Q If O* is a Reeder's game orbit then O := AO* is a lit-only o-game
orbit.

@ If Ais invertible over F, then {AO* | O* is a Reeder’s game orbit} is
the family of all lit-only o-game orbits.
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F B

@ L} € Mat,x,(F2) such that

Liu=u+ < Aej,u> e = u+ e Auei = (I + eie] A)u.

@ Hence L} =1 +eel A=L].

Q AL: = A(l + eie A) = (I + AeieT)A = L;A.

@ If O* is a Reeder’'s game orbit then O := AO* is a lit-only o-game
orbit.

@ If Ais invertible over F, then {AO* | O* is a Reeder’s game orbit} is
the family of all lit-only o-game orbits.

O If G is a tree, then G has a perfect matching iff A is invertible.
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F B

@ L} € Mat,x,(F2) such that

Liu=u+ < Aej,u> e = u+ e Auei = (I + eie] A)u.

@ Hence L} =1 +eel A=L].

Q AL: = A(l + eie A) = (I + AeieT)A = L;A.

@ If O* is a Reeder’'s game orbit then O := AO* is a lit-only o-game
orbit.

@ If Ais invertible over F, then {AO* | O* is a Reeder’s game orbit} is
the family of all lit-only o-game orbits.

O If G is a tree, then G has a perfect matching iff A is invertible.

FEAFESEEC, WaediEpIA.
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BH—HELES R E — lit-only o-BfERYH AR
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B — RIS L IE— lit-only o-BLERYH AR

X A
—
G ©
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BB ES A EMN— lit-only o-BER &

X A X
—
G © G L ]
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BT — lit-only o-BAEHLA M

Let x,y be two vertices of a tree G with a perfect matching. The
characteristic vectors X,y of x, y respectively are in the same lit-only
o-orbit iff the number of matchings of size ”%2 in G — x and the number

of matchings of size ”52 in G — y have the same parity.
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BB ES AT — lit-only - ERHEH

Let x, y be two vertices of a tree G with a perfect matching. The
characteristic vectors X,y of x, y respectively are in the same lit-only
o-orbit iff the number of matchings of size 5 i — x and the number

of matchings of siz

B BB —EEE, HE BB maximum mathchings YA EEZ
FEMERE.
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Problem

famifELL_E B2 configuration FERZHETEME— lit-only o-game orbit BIFH&
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Problem

KA E B2 configuration FEZEAEME— lit-only o-game orbit FIFHE
.

EERIFERE LS lit-only o-game FR B ERTTEED.
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To be continued
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To be continued

Thank you for your attention.
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