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Flipping puzzle
-

The configuration of the flipping puzzle is a fixed
simple graph S, together with an assignment of state
O(white) or state 1(black) on each vertex of S.

A move in the puzzle is to select a vertex s which
has state 1, and then flip the states of all neighbors of s.






Equivalent configurations

Two configurations are equivalent if one can be
obtained from the other by a sequence of moves.

Question: Determine the above equivalent
classes (orbhits).



Vector representation of
configurations

We use F:' to describe the configurations.

Example: (0
@ p—) > |0
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(0)
———g—0 1




Matrix representations of moves

Example:

C)—C)—O
1 00 1 1 0 1 00
;=0 1 1| x,={0 1 O x=|1 120
0 01 0 11 0 01



Matrix representations of moves

Definition 0.1. For s € S, we associate a matrix

s € Mat,, (F5), denoted by the bold type of s, as

1, fa=05b orb=sand ab e R;

Sab —
0, else,

where a,b € S and R is the edge set of S.



Group action

selected

l

selected

l

/

/

(0)

(0)

y

y




Flipping groups

Definition 0.2. Let W denote the subgroup of GL,, (F5)
generated by the set {s |s € S}. W is referring to the

flipping group of S.



Theorem (2008, Huang & Wengq)
c._

W is 1Isomorphic to W/Z(W),

where W is the Coxeter group of the Dynkin
diagram and Z(W) is the center.

Moreover, [Z(W)| is 1 or 2.



Flipping group

o]
Flipping group Is

“the reflection group on a graph”



The graph with along path




«_ _ ]
We will determine the orbits for

the previous graph.

We need a nice basis to describe
our result.



Standard basis

5=(0,0,...,0,1,0,...,0)

where 1 is In the position
corresponding to the vertex s



More setting

A

T:Sh i+1:SiSi_1'“SlT fOI’lSZSTL—l

= {1,2,...,7},
[y = {1 ell| <i,s, >=0},
1117 — H—----O,




Byproduct

Theorem 0.3. The flipping group W 1s unique up to
tsomorphism among all the graphs satisfying Assumption

with the given cardinality |I11]. O



sSurprising

Coxeter groups are very different according to
different graphs,

but there are at most n-1 non-isomorphic
flipping groups in the 2" graphs that we are
concerned.



The Submodule U

Corollary 0.4. The subspace U spanned by the vectors
in 11 is a W-submodule of F3'.
Proposition 0.5. The subspace U in Corollary 0.4 has

the basis set

4

IT, if |11 @s odd;
IT— {5}, if|IL;] is even
\ J

for any j € 11. Moreover s, € U if |I1;]| is even.



Simple Basis

Set

IT. if |IT;| is odd;
[TU{n+ 1} —{m}, if [II;] is even,

A =

wheren +1=35s,.



Simple Weight and Weight
-

Let A(u) be the subset of A such that

=37

IEA (u)

set sw(u) ;= |A(u)|, and we refer sw(u) to be the simple

werght of .

w(u) == |{s;

1:1}|



More Setting

For V. C F} and T"C {0,1,...,n},

Vi={ueV|swu) el},

and for shortness Vi 1, + = Vi, v, 11 Let odd be the

subset of {1,2,..., n} consisting of odd integers.



Three classes of subsets of {1, 2, ..., n}

A, ={5€nl|j=i,n+|II;| —7 (mod 4)},
B, ={j € [n—1]|j =4, i+|ll;|-2,n—i,n—i+|I1;|—2 (mod 4)},

C; =17 € n||j=i.i+|]IL]. n+2—i, n+2—i+[IL;| (mod 4)}.



The Orbits (Case 1)

nontrivial O € P

114 | n P
(might be repeated)
3 < ‘Hl‘ <n-—23, T ‘
even oy 3
11| is odd
3< Il <n-—3, ]
< [ < | odd Ua, 4

11| is odd




The Orbits (Case 2)

nontrivial O € P
1T, | n P

(might be repeated)

4 < |[IIy]| < n— 3.

even Up..Uec. G
. J ; — j
11| is even
odd Up i U o 4

11| is even




The Orbits (Case 3)

nontrivial O € P
11, | n P

(might be repeated)

‘Hl‘ — 1 (f"rt,-n.—l—l—t ’7’??.- —+ 2/2—‘

=2 even Uim-i-Ucy Uc n+6)/2
1 1 2

‘Hl ‘ — 2 odd (x"ri!.n_i \ FCl . UCQ ('T L+ 3) / 2




The Orbits (Case 4)

nontrivial O € P )
114 | n P

(might be repeated)

|H1| =n— 2'.«

10| s odd odd Uodd, Usi (n+3)/2
1| 18 OC

1] =n — 2, Usdd, Ush n—2n. _
th even ’ R (n+6)/2

11, ] is even Uodd, Uagnt2-2¢




The Orbits (Case 5)

nontrivial O € P ,
|11 | n P

(might be repeated)

| =n—1,

T | is odd evett Ust 12t (n+2)/2
1] 18 Od

|H1| =n— 1, {-"IQh-—1,2?1.,?1.—2.’1,,?14—1—Qh-

odd (n+3)/2

|H1| IS evell U 2g—1,2gn+2—2g,n+3—2g




The End:!

Thank You for Your Attention!

http://arxiv.org/PS cache/arxiv/pdf/0808/0808.2
104v1.pdf to get the preprint



http://arxiv.org/PS_cache/arxiv/pdf/0808/0808.2104v1.pdf
http://arxiv.org/PS_cache/arxiv/pdf/0808/0808.2104v1.pdf
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