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Abstract

By considering a modified quotient of a nonnegative matrix, we establish
an upper bound for its largest real eigenvalue. This is a joint work with

Yen-Jen Cheng.
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Preliminaries
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Graph, Adjacency Matrix, Degree Sequence

01 1 10 0\ —d3=3
101 1 10| =-d=4
11 0 01 1| =-d=4
110 000 =-dy=2
01 1 0O0O0] —=ds=2
00 1000 —d=1

n=|VG =6, m=|EG =8, d>dy>--->d,
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Notations

Let C = (cjj) be an n x n matrix.

@ The spectral radius of Cis defined to be
p(C) :=={|A|] : Xis an eigenvalue of C},

where |\| is the magnitude of complex number A.

o Let p,(C) denote the largest real eigenvalue of C and p,(C) = o if C
has no real eigenvalues.
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Perron-Frobenius Theorem (PF Theorem)

If Cis a nonnegative square matrix, then there exists a nonnegative
column vector u such that Cu= p(C)u.
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Examples of matrices
that realize existing spectral bounds
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Two matrices from PF Theorem

)
OO Rk VR = O
O R = = O
_ O O =
OO OO =
OO O = = O
OO O = OO

IN

)

— = === O
_ === O
= O =

1

— O = =

1

— O =
G R (S Y —

0

= p(5) (1 x 1 matrix)
(equitable quotient)
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Stanley, 1987

01 1 10 0
101 110
) i i 8 8 (1](1) §—1+\é1+78 Sm (m=8) is realized as
01 1 000
00 1000
01 1111 =2\ —d3=3
R I KRR
L0 011 110111 1] 5dy=4
p110000§p111011—3—>d4=2
S 11000 1 11101 =3 =d5=2
00 10 0 0 1 11110 —4] 5dg=1
111111 -6/ 5d-=0
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Hong et al., 2001

01 1 100
101 110
11 0 011 dn—1++/(dn+1)2+4(2m—nd,) . .
P 110000 < 5 is realized as
01 1 000
00 1000
01 1 100 01111 -1\ >ds=3
101 110 10111 0| —d=4
11001 1f _ 11011 0] —dy=4
P11 0000 =Pl1 1101 2| 5dy=2
01 1 000 1 1110 -2 =d;=2
00 1000 11111 -4 sdg=1
(n=6,d,=1,m=28) :p<11 :i>%3.316
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Jinlong Shu and Yarong Wu, 2004
01 1100

10 1 110
11 0 011 dp—144/(dp+1)2+4(¢—1)(d1 —d,) . .
P 110000 < 3 is realized as

01 1 00O

00 1 0 00
01 1 1 00 01111 0 —d =4
101 110 10111 0 —d =4
11001 1] _ 11011 0 —d =4

P11 1 0000 Pl11101 0| 5d=4
01 1 0 00 1 1110 -2 —ds =2
00 1 0O0O0 1 111 1 -3 —ds =2

(t=5,dy =4,dy=2) = pG :§>%3.702.
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Liu and —, 2013

01 1 1 0 0
1 0 1 110
1 1.0 0 1 1 de—1+\/(dg+1)2+4zf:—f(d,-—de) . .
P 110000 < 3 is realized as
01 1 00O
00 1 0 00
01 1 1 00 01 111 -1 —d3 =3
1 0 1 1 1 0 1 01 11 O —d =4
1 1 0 011 < 1 101 1 0 —dy =4
P11 1 0 000 = Pl1 1101 2| 5d=2
01 1 000 1 1110 -2 —ds =2
00 1 000 11111 -3/ —ds=2
4 -5
(0 =5) = p<1 _3>~3.193.
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Main theorem
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Theorem

Let M = (m,p) be an ¢ x ¢ matrix whose first £ — 1 columns and row-sum
vector are all rooted. If C= (¢j) is an n x n nonnegative matrix and there
exists a partition II = (my,m,...,m) of [n] := {1,2,..., n} such that

n ¢
max E cj < my, and max E cj < E My
€Ty 4 €Ty 4

JETD =1 c=1

forl<a</land1<b</{-—1,then p(C) < p(M).

NATIONAL YANG MING CHIAO TUNG UNIVERSITY

% GERTE RSP

X (Dept. of A. Math., NYCU) Matrix realization of spectral bounds July 12, 2023 15/25



2023 T [Bl5Rm H S B2 R PR TR S &5 T e s Uk = (8l BE S BT E

Example

2 1 3|3 3]12 0 2 2 3|3 3]12 -1
4 2 1|4 2|6 4 4 2 1|4 2|6 5
2 3 1|4 1|8 3 2 3 24 2|8 3
pl 3 5 3|1 1|3 4 < pl 4 5 3|1 13 3
5 6 1|1 03 3 5 6 1|1 1|3 3
0 2 1[/2 2[6 0 1 2 1]/2 2|6 -1
2 2 0|2 1|1 4 2 2 0|2 2|1 4

7 6 11

= p 12 2 6

4 4 5
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The proof
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Key Lemma

Let C= (c;), C = (c;), Pand @ be nx n matrices. Assume that

(i) PCQ< PCQ;

(i) C has an eigenvector Qu for X', where u is a nonnegative column
vector and X € R;

(iii) C has a left eigenvector vl P for \, where v
vector and A € R; and

(iv) vIPQu> 0.

Then A < ). Moreover, A = X if and only if

Tia nonnegative row

(PCQ); = (PCQ); for 1 <i,j < nwith v; # 0 and u; # 0. (1)
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Idea of the proof of main theorem

For a given n x n matrix C, choose suitable n x n matrix C such that M is
an equitable quotient of ' and by applying P = I,, and

J
— I+ E, = n—1 (n—1)><1>’
Z <Ol><(n 1) 1

we have

PCQ < PCQ,

so the condition (i) in Key Lemma of previous page is satisfied.

We might need to modify the above chosen C to let the conditions
(ii)-(iv) of Key Lemma be satisfied.
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Applications
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(0, 1)-matrices with a specified number of ones

We use the main theorem to identify the unique class of matrices whose
largest real eigenvalue is maximum among all (0, 1)-matrices with a
specified number of ones, which is a problem that was posed independently
by R. Brualdi and A. Hoffman, as well as F. Friedland, back in 1985.

The above problem restricted to the zero trace situation is considered by
Y. Jin and X. Zhang in 2015. We also solve this problem.
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Other P and Q in the Key Lemma

It is interesting to further apply the Key Lemma by choosing other P and
@ matrices to solve more conjectures or at least to realize an old result in
a new way.
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Kelmans transformation

G— Gyss
01 1 100 01 1 010
10 1 1 10 10 1 110
11 0 0 11 . 11 0 011
110 0 0O 01 0 0 0O
01 1 000 11 1 000
00 10 0O 00 1000

Ga5 = G54
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P. Csikvari, 2009
01 1

1
0 : .
0 is reproved by setting

—_ o = = O
[l eNoNoll N
O O = =
SO O = OO

1
1
0
0
1
1

e
O O R ==
OO OO = =
OO O = OO
|
O R = = O

e}

0
ave the condition (i)

HOoO OO+~ Rr~Lr O

0
1
1
1 1
0 1
+E;5 =Q

>

=l in the Key Lemma to

IN

= PA45Q.

S O = = =O
O RN R O
_ O =
OO O - N
OO O = = O
OO O = OO
O R = =~ O
O =N HF= O
_ == O =
OO O - N =
SO O = ==
SO OO = OO

Use G4_,5 = Gs_,4 if necessary to have conditions (ii)-(iv) R LR
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