NATIONAL YANG MING CHIAO TUNG UNIVERSITY
Real Analysis Ph.D. Qualifying Exam, Spring 2023
1. Let 1 < p < oo. All parts refer to Lebesgue measure on R.

(a) (5%) Give an example where {fn} converges to f pointwise,
Wnllp < M < oo for all n, and || fu — fllp = 0-
(b} (10%) Show that if {f,} converges to f pointwise and || fnllp —
£ llp, then [|fo — fllp = 0.
2. (a) (10%) Given n € N, show that (1+E<e* forz >0 -
(b) (5%) Evaluate )

lim (1 -+ E)ne‘sz.is«:.

3. (a) (10%) Suppose that 0 < p < ¢ <7 < oo Show that if f €
LP(R™ N L"(R™), then
e < IFIBIAIR2,
where A € (0,1) is defined by g=* = Ap~ + (1 — A)r~h. (Hint:
Consider two cases: (i) T = oo, (it} r < 00.)
(b) (10%) Assume f € L7(R") for some 0 <7 < 00. Show that

Jim 11l = 1/ leo-
4. Suppose that ¢ € L'(R®) is nonnegative with integral 1. Set de(z) =
e gz /e), € > 0.
(a) (10%) Prove that for all M >0,

lim pe(z)dx = 0.
€+0 Lz >}

(b) (10%) Let f € L>°(R™). Prove that
tig [ fle =)y = £
at every point x of continuity of f.

5. {10%) Suppose that x1,...,T, are linearly independent elements of a
normed linear space X. Show that there is a constant ¢ > 0 such that

My + - - 4 An@all Z Al + <+ [Anl)
for all scalars Aj, ..., An.

6. (20%) Let fy : {0,1] — R be a sequence of absolutely continuous
functions such that f,(0) = 0 for all n. Suppose that {f;,} is a Cauchy
sequence in L}([0,1}). Show that there is an absolutely continuous
function f such that f,, — f uniformly on [0,1].
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