NATIONAL CHIAO TUNG UNIVERSITY
Real Analysis Ph.D. Qualifying Exam, Fall 2020

. (6%) Let {fr} be a sequence of measurable functions on [0, 1] with

1
f |fu(z))Pdz < 1
0

and f, — 0 a.e. on [0,1]. Show that fol | frn(z)jdz — 0.
. Assume f : [, b — R has bounded variation.

(a) (6%) Show that if the function V' (z) == V[a, z| is absolutely con-
tinuous on [a, b], then f is absolutely continuous on [a, &].

(b) (6%) Show that if f:!f"(fs)|d:c = Vla,b], then f is absolutely
continuous on [a, b].

. (12%) Assume f ¢ LP(R™) N L®(R™) for some 0 < p < co. Show that
f e LAR") for all g > p and

lim {| 7llg = 1| f{lco-

=00

. (10%) Let m be Lebesgue measure on R. Suppose that A C R is
Lebesgue measurable and that

b—a

m(AnN (a,b) <

for any a,b € R, a < b. Prove that m(A) = 0.

. (10%) Suppose that (X, M, 1) is a measure space with u(X) < oo and
that f : X — [0, 00) is a measurable function. Show that [ x fdp < oo
if and only if the series

> ufzlf(z) 2 n})
n=0

converges.

. (20%) Let {fn} be a sequence of functions in LP(R"), 1 < p <
oo, which converges almost everywhere to a function f in LP(R™).
Show that {fn} converges to f in LP(R™) if and only if || fu||r(rry —
|[£]]ze@@n) as m — co. What can you say when p = oo?

. (15%) Show that the unit ball § = {z € X|{|z|| £ 1} of a Banach
space X is compact if and only if X is of finite dimensional.



8. (15%) Define a maximal function of measurable function f as follows

1
(M1)(@) = supen [B | Fldu

where B is a collection of balls centred at z and |u(B)| is the Lebesgue
measure of B. Assume we know the following weak L!—estimate:

wl{Mg > 1)) < gl e

where C is a constant, holds for g € L}(R™). Show that, there exists
Ci1>0

M f)lLegey < Cullfll o2

for f € LP(R?).



