QUALIFY EXAM.
PARTIAL DIFFERENTIAL EQUATIONS.
SEPTEMBER 2020

¢ This exam contains 4 problems with a total 100 points. Solve these 4 problems to
get full credits.

1. (20 points) Let u = u(z,y,t) be a solution of the Cauchy problem

wy + u(ug + ty) =0, for t > 0,
(0.1) w5, 0) =
" 2+y?+ 1

Prove that the Cauchy problem (0.1) has a classical C* solution up to the time

2 2 2

T= min——(w ty"+1)
@y 2|z +y

— Hint. Use the characteristic method and the inverse function theorem.

2. (a) (15 points) Let U € C*(R?) be a solution to
8,0, = 0 in R,
Prove that U(s, A) can be written in the form of
U(s,\) = F(s) +G(X), for(s,A)€ Rz,

where F and G are some functions defined on R.

(b) (15 points) Use and only use the results from (a) to reduce the well-known
d’Alembert’s formula for the solution » = u(t,z) € C*(R?) to the following
equation

. Find T explicitly.

O2u— B2u=0 in (0,00) X R,
u=g, Gu=h on{0} xR
with g : R — R and h: R — R to be given.

— Hint. For {a), one may consider the following change of variables:
s=x+1,
A=g—t
Define a C2(R2) function by U(s, A) := u(t, z), for all (t,z) € R?, then prove

that 92u — 62u = 0 holds in R? if and only if 3;,0\U(s, A) = 0 holds in R

3. (20 points) Take a positive integer N > 3. Let Bg(0) be a ball centered at 0 with
radius B > 0 in RY. Given functions f € C%*(Bg(0))}, and g € C(0Br(0))-

1Here C%*(Bg(0)) denotes the Holder continuous space on a compact ball Br(0) of radius R > 0, for

some 0 < @ < 1.
1




Suppose that © € C*(Bg(0)) N C(Bg(0)) is a solution of
{m/_\u —f in Bg(0),

u=g on 9Bg(0).
Prove that the following identity holds:
1
u(0) = gly) dS(y)

|0Br(0)| Jagx(0)

1 1 1
d
TN - 2B0)] om0 (|le 2 RN_g) f(y) dy,
where |E| is the Lebesgue measure of a measurable set & C RY.

. (The problem is based on a result due to the work of Brezis-Merle: Uniform esti-

mates and blow-up behavior of solutions of —Au = V(z)e* in two dimensions.)
Let Br(0) be a ball centered at 0 with radius R > 0 in R®. Let f : Br(0) = R

satisfying f € C%*(Bx(0)). Let u € C%(Bg(0)) N C(Br(0)) be the solution of

—Au=f in Bg(0),
u =10 on 8Bg(0).

Answer the following questions:
(a) (10 points) Define U : R? —» R by

1 2R
R2.
U= g [ os () @l oree

Prove that |u(z)| < U(z) for all z € Br(0).
(b) (10 points) Prove that for any 0 < A < 2, we have

1 1
/ —Adng —=dz, for any y € Bgr(0).
Bg(0) |z — yl Br{0) |z

(c) (10 points) By using the conclusions of (a) and (b), prove that for any 4 €

(0, 4},
_ 2
f exp ((‘LLM) iz < ¥ oR)?
Ba(0) £ 1|22 ¢Brion p
holds.

— Hint. For (a), use the maximum (or comparison) principle for subharmonic
functions. For (c), you may use the Jensen’s inequality from Real Analysis:

Let F : R — (0,c0) be a convex function, and w : Br(0) — {0,00) be a
L-function with [, w(y)dy = 1. Then one has

F ( /| PREOZ dy) </ PROLEOL

for any ¢ : Br(0) = [0,00) with [ Br(0) o(y)w(y) dy < co. Try to choose some
special F, ¢ and w to answer (c).




