Probability, SEP 2010

20 points for each problem

1)Let {X,} be a sequence of identically distributed random variables with finite
expectatlon Prove that

1
lil’l’ln_,ooﬁE{n'la,Xlstn 'XJI} = 0.
(Hint: For X >0, EX = [§° P{X > z}dz.)
2)Let {Xn} be i.i.d. random variables with E|X;| < 0o and S, = =3 X By the
strong law of large numbers S, /n converges a.s. to EX;. Prove that in fact S / n is

uniformly integrable and converges-to EX; in L.

3)Let X (t), ¢ > 0, be such that for any bounded stopping time 7, X (7) is intiéfgrable
and EX (1) = (0) Prove that X (¢), ¢ > 0 is a martingale.

4)Interpret and prove probabilistically the trigonometric identity

(Hint: Use characteristic function.)

5)Let Xo,X1,...,Xs,... be a Markov chain generated by an irreducible trans1t10n
matrix P = {pz ]} Wlth the stationary (invariant) distribution 7 in a ﬁmte state
space {1,2,---, N}. Define iteratively

Ty = I?Ziél{s|Xs #1} and 7y = %iTrtl{s|Xs # 1}.

Define {Yt}:as
Y, = X,,.
Show that {Y}} is a Markov chain on the state space {2, 3, - - -, N} with the tréiip_sition

matrix @ = {g;; },
v Qi,j:pi,j_*—?l—zl}'—&: 2_<_7'§N7
— D,

and the stationary (invariant) distribution u,

i 9<i<N.
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