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Differential Equations Qualifying Exam.
September, 2010

# 1. (20 pts) Consider the IVP (initial value problem)

v =e* for 0<t<Ty,

u(0) =v'(0) =1,

where u = u(t) is a real-valued function and Ty is a positive constant. Must the

solution u blowup at finite time i.e. there exists ¢o > 0 such that lim wu(t) = co?
t—rig—

Prove or disprove your answer.

# 2. (20 pts) Let (v,w) = (v(¢),w(t)) be the positive (i.e. v(t),w(t) > 0 for ¢ > 0)
solution of the IVP
v'=w*v for ¢t>0,

v'(0) = —w'(0) = a,

where ¢ is a positive constant.

(i) Must tl_lglo v(t)w(t) =07 (10 pts)

(i) Can there exist b > 0 such that v(b) = w(b)? (10 pts)
Prove or disprove your answers.

# 3. (20 pts) Let f: R?* — R? be a nonzero smooth function such that z - f(z) < 0
for z € R® Let ¢ = ¢(t) € R? be the solution of ordinary differential equation
¢ = f(#) for t > 0 with initial data ¢(0) = ¢¢ € R2.

(i) Must Stlig) |#(¢)|] < co? Here || - || is the standard two norm of R?. (10 pts)
- (iii) Suppose f(0) = 0. Must the equilibrium ¢ = 0 be stable? (10 pts)
Prove or disprove all your answers.
# 4. (20 pts) Consider the linear system of ordinary differential equations as follows:

t=Az for t>0,

z(0) =e,



where the solution z = z(t) € R*, e € R* and 4 = (ai;) is a n X n matrix
satisfying '
i
Gij = 7 for 4,5 € {1,--,n}.

(i) Can you find a nonzero vector e € R™ such that the solution satisfies

e 00
Jim [j2(t)] = 0°

(10 pts)
(i) Can you find a nonzero vector e € R™ such that the solution is periodic?
(10 pts)
Here || - || is the standard two norm of R™. Prove or disprove all your answers.

# 5. (20 pts) Consider the linear system of ordinary differential equations with time-
dependent coefficients as follows:

&= DB(t)z for t>0,
z(0) =e,

where the solution z = z(t) € R*, e € R and B : R — R" is a smooth and
periodic function with the period T > 0. Must the solution z also be periodic
with the period 7' > 07 Prove or disprove your answer.



