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Throughout this exam, | - | and dz denote the Lebesgue measure, y4 de-
notes the characteristic function on A4, and Af(a) = [{z € R™: |f(z)] > a}l.

1. (50%) Prove or disprove the following statements:

(a) Let f : [0,00) — R be Lebesgue integrable. Then f is bounded on
[0, 00).

(b) Let f:[0,1] = R be continuous. If f'(z) = 0 a.e. on [0,1], then f is
constant on [0, 1]. . ‘

(¢) Let 1 < p < 0o and f € LP(R"). Then lim aPAf(a) = 0.
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(d) Let f(z) = 3202, falz) with | fo(z)] < MTCES)E oralln > 1 an
all z € [-m, 7]. Then f € L?*[—n, 7.
() Let fL < fo < f3 < --- on X and f, € LY(X,B,p) for all n. Then

lim f,du < lim / fadpt.
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2.(10%) Let 0 < p < 1. Assume that ax >0 and z > 0 for all k. Prove that
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3.(10%) Let f : R™ (0, 00) be Lebesgue measurable. If \;(a) < min{1,1/a?}
for all a > 0, prove that [p, |f(z)|dz < 2.

4.(10%) Suppose ¢ : R — R is such that

o( [ 1 f(t)dt> <[ B )

for every real bounded measurable f. Prove that ¢ is convex.

5. (10%) Let f,, f € L?[—n,m]. Suppose that
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for all g € L?[—n, 7). Is f, — f in L?norm? Give your reason.

6. (10%) Let T € (£2)* with T'(e,) = 0 for all n > 1, where e, is the sequence
with 1 at the nth place and 0 otherwise. Prove that there is some constant

a such that T({a,}22,) = aaq for all {a,}22, € £*.




