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1. (50%) Prove or disprove the following statements:

(a) Let f :[0,00) — R be continuous. Then f is Lebesgue integrable on
[0, 00) if and only if the improper integral fo x)dx exists.

(b) L*(X,B,u)\ L'(X, B, n) # ¢, where u(X) = 1.

(c) For every ¢ > 0 and every Lebesgue measurable set A in R", there
exist an open set V and a closed set F' such that FF C A C V and
m(V \ F) < €, where m denotes the Lebesgue measure on R™.

(d) Let 1 < p < oo and f, € LP[—m, 7] with || f, — fas1ll, < 1/(ny/n) for
all n > 1. Then f,, converges in LP|—m,7].

(e) There exists f € C[0,1] such that f' € L'[0, 1] and

/0 F(@)dr # F(1) — £(0).

Solution:
(a) False. Consider f (x) = sinz/z. Then f is not Lebesgue integrable
on [0, 00), but / @) =/2.

(b) False. By Holder s inequality, L*(X, B, u) C L'(X, B, ).

(c) True. Write A = U®_ A, UA, where A,, = {z € A:m -1 <
||| <m}and A=A\ U, A, We have m(A) = 0. Applying the regularity
of m to each A,,, we can ﬁnd open sets V,, and closed set F;, such that
Fp C Ay C Vi and m(Vy, \ ) < €/27F for each m. Set F' = U, Fy,, and
V = UnV,, UV, where V is an open set containing A with m(V) < €/2,
which are the desired.

(d) True. We have Z I frn = frtrillp < f: 1/(nvn) < oo

n=1 n=1
By Minkowski’s inequality or the completeness of LP[—m, 7], (d) follows.
(e) Consider the Canter ternary function.



2.(10%) Let v be the Borel measure defined by

v(E) = / _dr for all Borel subsets £/ of R.
E (12 + 1)2

/f )dv(z /(ﬂfﬂ) dx

for all nonnegative Borel measurable functions f on R.

(a) Prove that

(b) Find the value of/ |z|dv(z).
R

Solution:

(a)

V(E)_/‘%i/XEdV r) = /R($2XTE1)2dac

= / f(z)dv(x / 22 f<x)1) dx for all simple functions f

For f > 0, choose simple functions f,, T f. Replace f in the last equality
by f. and then apply the Monotone Convergence Theorem. The desired
result follows.

(b)
/|x|du /(x2|+|1) dx:2/ooo MTDQCZ:E

1 oo
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3. (10%) Let {a,};> be a complex sequence such that > a,b, converges
for all complex {b, }°, € ¢?. For any positive integer N,
define Ty : 2 — C by

N

Tn({b}) =D anby.

n=0
(a) Prove that Ty € (£2)* and |Tx|| = (30, |an|?)"/2.
(b) Is {a,}>2, € (7 Why?
Solution: (a)

TN({bn})‘ < i |anbn| < (i \%\2)1/2 (i \W)I/Q

n=0 n=0 n=0

= Ty € ((*)*

Moreover, ||Ti|| < (32N, an|?)"/2. Consider b, = d,. We get the equality.
Remark: We can get (a) by using Riesz representation Theorem.

(b) follows from the uniform boundedness principle by considering the
family {Tn}3_,, where Ty : £* — C.

4. (10%) Set f,(t) = €™, where n > 1.
(a) Prove that f, — 0 weakly in L*[—7,7].
(b) Is f, — 0 in L2-norm? Why?

Solution: (a) For any g € L*[—m, 7], choose step functions g, = Xeq
such that ||g, — glla — 0. We have

m d
/ fn(x)gm(:c)dx:/ e™dr — 0 as n — 0o

and

[ tontorie— [ o

< [ 1o@) - gu(@)da

—T

< (2m)"2||lg = gmllz — 0

(b ]
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5. (10%) Let T € (C[0,1))* such that T(1 +z +--- 4+ 2™) = 0 for all n > 0.
Prove that T'= 0.
Solution: For any p(x) = ag + ayz + - - - + a,z", we have

n

pl) =Y a((l+z+-+a¥) = (1+a+--+2"1)
k=0

By the linearity of T" and the hypothesis,
:Zak(T(1+$+---+xk) ~ T4z +---+2"1)) =0

We know that the set of polynomials is dense in C]0, 1], so by the continuity
of T, T =0.

6. (10%) Define the function T'f by the formula:

< flr)va? +1

dx (y € R).
(a) Prove that if f € L'(R), then T'f € L'(R).

T
(b) Find the value sup H le
irzo 11

Solution: By Fubini’s theorem, we get

||Tf||1=/ ITf(y |dy<// Vol l f@IVer+1

+y*+1

~ [y )@V e

- [ (st @V de =l

So (a) follows.
(b) The above argument (considering f > 0) also implies

1Tl _
iril0 1l



