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September, 2009

20 points for each problem

1. Let X, X5, -+, be asequence of independent random variables. (i) prove “roughly”
the Komogorove’s 0-1 law, a tail event is either of probability 0 or of probability 1. (ii)
prove that the event Xl"';;"'x“ — 0 has probability 0 or 1.

2. Let X be a non-negative r.v. (i) prove that E(X?) = p [, ., 2P ' P{X > z}dz,
for any p > 0. (ii) if, for some p > 0, E(X?) < oo, then prove that it must be
B0y e 2P P{X > 2} = 0.

3. One application of LLN. Assume SLLN, and let an iid sequence with a positive
L' rv X as common distribution to represent the life-time of, say, a bulb, Let rv N(t)
denote the “ renewal number” up to time ¢ ( you need to define it and explain your
definition). State and prove the LLN for N(t).

4. Let X, X,,,&, are r'v.’s. (i) Prove that if X,, = X and £ — 0 in probability, then
Xn+ &, = X. (ii) is (i) still true if we have only &, = 0 7

5. Given a submartingale (X,, F,.). Prove that we have one and only one decompo-
sition X,, = M,, + A,,, where (M,, F,) is a martingale and A, is an increasing process.




