()-Exam. Partial Differential Equations Fall, 2009

1. (15 points) Solve Burger’s equation u; +uu, = 0 in (0, o0) x R with initial data

1 7 <0
wll o) =wlz}=X 1-2 U<z<]l
0 T2 1,

2. (15 points) Consider the initial value problem

U ‘= BIN Y.,
u(0,z) = fz + S22,

Verify that the assumptions of the Cauchy-Kovalevsky theorem are satisfied and
obtain the series solution up to third order terms about the origin.

3. (10 points) Let B be the unit open ball in R® and

e <4 ifx € B
el = 0 if x ¢ B,

find the function :1:% + y‘;—; in distribution sense.

4. (15 points) Let Q@ € R” and u,v € C*(QNC(QY), f € C*(R) such that f'(t) > 0,
for all £ € R. Assume

Au — f(u) > Av — f(v) on {2
u < v on 0f,

show that u < v on f2.

5. (15 points) Let B be the unit ball in R®, and u € C?(B) N C(B) such that

Au=10 in B
u(z, y,z) = 2° if (z,y,2) € 0B, z > 0,
W, Y, 2) = 2 if (z,9,2) € 0B, 2 < 0.

Find the value of [, u(z)dz, where Q = {(z,y,2) € R® : 2° + y* + 2° < (1/4)}.
6. (15 points) Show that the initial-boundary value problem

Otu=0u (a,t) € (0,) x (0,T), T, 1>0
ufz,0) = 0, z € [0,]]
uz(0,t) — u(0,t) =0, u.(l,t) +u(l,t) =0, t € |0,T],

has zero solution only.



7. (15 points) Let Q; = (0,L) x (0,T] c R? and ur € C(Qr) N C%*(Q) be a
solution of the initial-boundary value problem

Oyu = Ou (z,t) € Qr
u(0,t) = g(t), uw(L,t) =0 Vte[0,T]
iz, 0) =0, Vz € [0, L],

where g(t) > 0. Show that if L, < L,, then ur,(z,t) < ur,(z,t), for (z,t) €
L -
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