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. (154") Let A be the Lebesgue measure and let {F}} be a sequence of Lebesgue
measurable subsets of |0, 1] satisfying

Hm A(Ex) = 1.
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Show that, for any 0 < € < 1, there exists a subsequence {E}, } such that
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. (154%") Suppose that f(x) is a Lebesgue integrable function on [a, b]. Prove that
there exists a zero-measure subset Z C [a, b] such that, for any real number «

and z € [a,b] \ Z, we have
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f(t) —aldt =|f(z) - af

. (1564) Let X be a measurable subset of R® and f the Lebesgue integrable
function on X. Show that

I == { / f(z)dx . E is a measurable subset of X }
B

1s a closed interval. Point out the two end points of /.

. (15%) Let (X,B,v) and (X, B, 1) be o-finite measure spaces, and let f be a
B-measurable and integrable over X with respect to v. Let By be a o-algebra
satisfying By C B (f may not be Bg-measurable). Show that there is a unique
Bo-measurable functions g, a unique nonnegative Bp-measurable functions h,
and a unique measure 0 which is singular with respect to u, such that

/fdy:/ghdu /gdﬁ.
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. (16%) Let 1 < p < o0 and f be a function such that f and its derivative f’
are locally LP-integrable on R. Show that there i§ a constant C' such that

' 1/p
| f(z)] £ C(fl - l{l{\ff(yﬂ - ]f(y)|}pdy) for a.e. z € R.




6. Given a measurable function f on R, define a family of functions {B,(f)}a>0
by

Botf(z) = / =@ fNdy, a>0, z€R.

Show the following properties of B, (f):
(i) §Bal(fllze <o ||fllzr for a>0 and 1 <p < o0; (84%")
(ii) lim [|aBa(f) = fllz» =0 for >0 and 1 <p < oo; (84")

(iii) |[|[aBa(f)||L» is a non-decreasing function of a € (0,00). (84")
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