Qualify Exam: Ordinary Differential Equations ‘?? A, | Ci
Do five problems from the followings, and each problem credits 20 points.

1. Let f({,u) be a continuous function on a plane rectangle F : to <t < tg+a, |u—ug| < b;
let |f(t,u)| < M and a = min(a, -5 ). Prove that

' M
u' = f(t,u)
& (1)
u(to) = uo
has a solution u = u°(t) on [tg,to + a| with the property that every solution u = u(t)
of
(W = f(t,u
fu = f(t,v %
§ u(tg) e Uug

satisfies u(t) < u°(t) Vit € [to, 0 + @]
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(a) Find e'* and the solution X (¢, Xo) of
dX (1)
= AX(1
dt (t) (3)
X (tg) = Xo.
(b) Find the set of all points Xy € R® such that Jlim HX (¢, Xo)ll =0,
— 00
3. Consider the equation
¥ +bt+2ar+32°2=0, b>0,a>0. (4)

Determine the maximal region of asymptotic stability of the zero solution which can
be obtained by using the total energy of the system as a Liapunov function.

4. Consider the van der Pol equation
2’ +e(xz®*—-1)z' +2=0, ¢ > 0. (5)

(a) Prove that every solution of (5) is bounded for ¢ > 0.
(b) Prove that (5) possesses an asymptotically stable limit cycle for every € > 0. (State
the theorem used.)

5. Show that the system

r:l_::y

ar : (6)

hy::xzrﬂ

is a Hamiltonian system. Sketch the phase portrait for this system.

6. Suppose h(z,y) is a positive definite function such that h(z,y) — oo as z% + y? — 0.
Discuss the behavior in the phase plane of the solutions of the equations

r:i."::rsm—1~y-*-'rxh(m,y),,

< (7)

Y =ey—z—yh(z,y),

for all values of € in (—o0, 00).



