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# 1. (20 pt) Let f : R — R be Riemann integrable over R. Let ¢ : R — R be
Lebesgue integrable over R.

(1) Must f be Lebesgue integrable over R? (10 pt)
(2) Must g be Riemann integrable over R? (10 pt)

Prove or disprove your answers.
# 2. (20 pt) Let u € L%(f2) and v € L*(R) N L%(R), where € is a bounded domain in
Rh-.n=>2

(1) Can there exist C) a positive constant independent of u such that

()< ([)"
(10 pt)

(2) Can there exist ('3 a positive constant independent of v such that
3 2
(L) =a ([
R R
(10 pt)

Prove or disprove your answers.

#3. (20 pt) Let f € L'(R). For £ € R, let f(£) = / e™8'" f(x) dx. Answer the
following questions: !

(1) Can f € L*(R)? (10 pt)
(2) Can f be differentiable? (10 pt)

Prove or disprove all your answers.

# 4. (20 pt) Let u: By — R be a smooth function satisfying u(z) = 0 for |z| = 1,
where B; is the unit ball in R? with center at origin. Can there exist a positive
constant C' independent of u such that

/ wdzr<C ul dz

B, H

hold? Here (r, @) is the polar coordinate and u, is the associated partial derivative.
Prove or disprove your answer.



# 5. (20 pt) Let {v;}52; be a sequence of Radon measures satisfying
Willo €M, j=1,23,-,

where M is a positive constant independent of j, and the norm || - ||oe is defined
by |
T fl’ii!-f:,
o= sup =R :
= jecE®n) Jpn T
Here y is the standard Lebesgue measure, and C§°(R") is the collection of smooth

functions with compact support. Can there exist v, a Radon measure such that
I-'"Ij — L"* i.E.

fdv, » [ fdv., Vfe€CTR")
!ﬂ Rh

(up to a subsequence) as j — co? Prove or disprove your answer.
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