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PDE Quahfymg Exam  (September, 2007)

This exam contains 7 problems with a total of 100 points. Give your arguments as
clear as possible.

1. (15 points) This problem tests you the difference between "weak derivative" and
"distributional derivative". Consider the ‘Heaviside function H(z) : U ¢ R —

R, U =(-1,1), given by
.- #z>0
Hi{z) =
0. gz«
Clearly H e L}, . (U).

(a) (10 points) Prove or disprove that H (z) has a weak derivative H' (z) on U. In
case 1ts weak derivative exists, find it.

(b) (5 points) Prove or disprove that H (z) has a distributional derivative H’ (z) on
U. In case its distributional derivative exists, find it.

2. (15 points) Consider the 1-dimensional parabolic Cauchy problem:
{ iz t)=u..(z.t), 2€R t>0

(0.1)
u(z,0) = el zeR.

Find an explicit solution (no integral sign in your solution) to (0.1). What is
the maximal space-time domain of your solution?

3. (20 points) Let 2 be a bounded domain in R™ w1th smooth boundary 92 and assume
u € C? (Q2) satisfies the following

Du=Ff in £ = on 00

where f € C° () and p € C?(00Q). Let Bg(O) be the smallest ball centered at

the origin O such that @ C Bg (O). Show that
Rz
sup ju} < Sup o) + o sup | f]. (0.2)

Also give an example to demonstrate that estimate (0.2) is sharp, i.e., the equality
sign can be attained in your exa.mple

Hint: (1). Let A = supyq [¢], B= supq, | f| and consider the function

w(z) = A-I—é%( 2—\$|2)- = ulz).

(2). For example, take Q = (=R, R) to be an interval in R, and consider special
f and o. |




. (10 points) Assume u is a harmonic function on open domain Q C R with smooth
boundary 9€). Show that we have the following gradient estimate

Du(y)| < —-suplu|, d, = dist(y, Q)
e 0
where Du (y) is the gradient of v at y € Q.  Hint: You can use the mean value

theorem for harmonic functions.

. (10 points) Assuming that the solution u(z,y) is analytic on R?, find by power
series expansion with respect to y the solution of the initial value problem

{ Uyy (Z,Y) = Ugz (2,Y) +u(z,y), (z,y) € R?
u(z,0) =e®, wu,(z,0)=0.

. (10 points) Consider the first order quasi-linear equation with initial condition for
a function u (z,y) of two variables z, y (we view y as time):

Uy + ULy = 0
u(z,0)=h(z), z€R

where i : R — R is a smooth increasing function with h (5) = 80, A’ (5) = 3. Find
the values of u, (165,2) and u, (165, 2).

. (20 points) The following fact is important in the context of solving wave equations
in R"™. Assume u (y) € C* (R") and define its average on a sphere with center z and
radius r > 0 as

1
? (I’ T) = nf.{.-r’n?'n_l /|;r—::|='r‘ 5 (y) dSy

where w,, 1s the volume of the unit ball B = B, (O) in R™. We can rewrite @ (z,r) as

1
. r)= dS
i) A.J("‘””@ :

NWn,

and see that ¢ (z,r) is also defined for r € (=00,0) with ¢ (z,-r) = ¢ (xz, r) for
all » > 0 and moreover ¢ (z,7) € C® (R™ x R). For fixed z, write p(r) =p(z,r).
Show that for any r > 0 we have the following identities

1
T, B B(z,r)

@' (r) = Au (y) dy (0.3)
and

1 l—-n 1
"(r) = AY dsS., 4 AN :
" (r) g /BB(W) u (y) dS, . e /B(w) u (y) dy

Note in particular that if u (y) is a harmonic function on R™, then (0.3) implies the
mean value formula for harmonic functions.




