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Number Theory
2007 & 9 A

£ : You may quote any standard results without proving them, but state clearly what facts you
are assuming. Answers without explanation may receive no credit.

1. (10 %) Let p be an odd prime number and let ¢, = €*™/?. Show that sin(7j/p)/ sin(7/p) is a
unit in Q(¢() for 1 <57 <p—1.

2. (10 %) Suppose ¢, = 0 and that

Z cn = Az + olZ).

n<zx
Show that A
Z — = Alog z + o(log z)
n<z »
as £ — 00.

3. (a) (10 %) Let m be a positive integer and let S,, C C be the subset of the complex numbers
consisting of generators of the group pu,, of m-th roots of unity. The m-th cyclotomic
polynomial ®,,(X) is defined by the following formula

on(X)= ] (X0

CESm

Prove that ®,,(X) = H (X - 1)ﬂ(mm) where u(n) is the Mobius function.
d|m

(b) (10 %) Let f : N — C be a completely multiplicative function such that the series
i f(n)
n=1 i

converges absolutely for R(s) > sg where sy is a positive real number. Show that the
series




also converges absolutely for R(s) > sy and that

— — — —

nS
l_:ﬂ;:]_ - _TL=1 .

4. (a) (10 %) Let x be a character modulo m and let

L(s,x) = i X o Rs) > 1

ns
n=1

be the L-series of x. Let L'(s, x) denote the derivative of L(s, x) for R(s) > 1. Show that

for R(s) > 1

where A denotes the von Mangoldt function. That is,

r'logp if n = p* a power of prime number p
A(n) = |
0 otherwise.

\

(b) (10 %) Let K be a number field and let (x(s) be the Dedekind zeta function of K.

For positive integer m, let v¥(m) denote the number of integral ideal J of K with norm

N(J) = m. Show that if s > 1 then

=

(k(s) ~—= ¢
¢(s) 4

n=1

S

S

where ((s) denotes the Riemann zeta function and

om 3 i (2)
d|n

5. Let K = Q(v/2,%) and Ok be its ring of integers.

(a) (15 %) Find an integral basis of K/Q and compute the discriminant of K/Q.

(b) (15 %) Let U = O} be the group of units in K. Then, as an Abelian group, U ~ Uy, X Z"

where U,,, denotes the torsion subgroup of U. Determine r and show that Uy, is the group
of 8*-roots of unity.

(¢) (10 %) Determine all prime p in Z which splits completely in K. Is there any rational
prime p which is inert in K7 That is, a rational prime number p such that pOg is a

prime ideal of Ox? Determine all such primes if the answer is yes; otherwise, explain
why there doesn’t exist rational prime p which is inert in K.




