PhD Qualifying Exam for Functional Analysis

September 2007
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. (10 pts) Let X be a compact Hausdorff space. We say that a linear

functional A on C(X) is positive if Af > 0 whenever f > 0. Show that
A is bounded if A is positive.

. (15pts) Let X be a Banach space and I be an linear operator on X

such that that X is the closed span of {z, T'r, T?z,---} forsomez € X.
Show that if dim X < oo, then an operator S on X commutes with T
if and only if S = p(T) for some polynomial p. Does the conclusion

hold if dim(X) = 00?

. (15pts) Let X be a Banach space and T' be a linear operator on X.

Show that 7" is norm continuous if and only if T" is weakly continuous.

. (10 pts) Let X be a Banach space and 7" be a bounded linear operator

on X with finite spectrum. Show that T' can be approximated by
invertible operators on X.

. Let 12(N) be the Hilbert space of square summable sequences

{(zy,Z2,"") : Z]mnF < 00}.
We say that S is the unilateral shift on I*(N) if
S(z1,Z2,...) = (0,21, %9, ).
Let B be the algebra of bounded operators on I*(N).
(1) (5 pts) Let ¢ : B — B be defined by
d(A) = S*AS, A € B.

Show that ¢ is a bounded linear map on B and |[¢|| = 1.

(2) (5 pts) Show that ¢ is right invertible, and find a right inverse of
®.
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(3) (10 pts) Show that o(¢), the spectrum of ¢, is the closed unit disc
D and, every A in DD is an eigenvalue of ¢, with eigenspace

ker(¢ — /\) = {A €D Qit1,541 = '}‘ﬂ'i,j}n

where (a;;)9%_, is the matrix of A with respect to the standard
bagsis £ = le, :n=1.2,:--+3:

€n = (6'!11: 611.21 st )1

where 0;; is the Kronecker symbol: d;; = 1 if ¢ = j and 0 if else.

(4) (10 pts) Show that ¢ — ) is right invertible if |A\| < 1 and find a
right inverse of ¢ — A.

(5) (10 pts) Use (4) to show that ker(¢ — )) is complemented

(6) (10 pts) Show that R(¢ — A) is not closed if |\| = 1.




