Answer all 7 questions. Total:105 points
Ph.D. Qualifying Examination: Real Analysis

1. (15%) Let f : [0,00) — [0,00) be continuous and Lebesgue integrable on
[0, 00).

(a) Prove that ﬂ:(}gf lf(t)l) — 0 as ¢ — o0.
>z
(b) Can you conclude lim f(zx) = 07 Justify your answer.
r—+0o0
2. (15%) Find the value of the following limit:

n T n
lim (1—-) sin x dx.
0

n—00 11

3. (15%) Let A = (a;) be an n x n matrix with a;; > 0 for all j, k. For X =
(1,22, ,Tn), let AX denote the vector Y = (31,92, - ,¥n) With

7)1 a1 a2 '+ Gin Iy
Y2 a3 033 -+ Gan xa
Un n1 GGn2 *** Gnn Tn

(a) Set 1/p+ 1/p* =1, where 1 < p < co. Prove that

sup JAX 1 _ {g (gl%)p—}m‘

x#0 1 Xllp

(b) Can we replace “<” in (a) by “="7 Justify your answer.

4. (15%) Let fn € L*([—m,7]) with || fn — fas1llz2 < 1/n? for all n > 1. Prove
that > o0, | fa(®) — fat1(z)| < co almost everywhere on [—m, 7] and
{fa}o; converges in L2([—, x]).
5. (15%) Let f : [a,b] — R be Lebesgue measurable. Set
Ey ={z €[a,b]:|f(z)| > a}

and w(a) is the Lebesgue measure of E,. Prove that w : [0,00) — R
is Borel measurable and

b o0
f f(@)Pdz = p ]ﬂ o> 'w(a)da (1<p<oo).
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6. (15%) Let C[0, 1] denote the space of all real-valued continuous functions
defined on [0, 1]. Assume that f € Cl0,1] and

1
/:::"f(a:)da:=0 foralln=0,1,2,-.-.
i

(a) Set 2 = {g € C[0,1] : j;:,l 9(z)f(z) dz = 0}. Prove that Q is a dense subset
of C[0, 1].

(b) Prove that f =0 on [0, 1].
7. (15%) Let 1 < p < 0o and T be a bounded linear functional on LP(R). Set

®(s) = T'(x),4)), where X[o,s] denotes the characteristic function of the
interval [0, s]. Prove that @ is absolutely continuous on [0, 1].



