PDE Qualifying Examination (Feb. 2006)
Department of Applied Mathematics
National Chiao Tung University

Answer ALL of the following problems. Each problem carries 20 % . Here we let
{2 C R"™ be a bounded, open set with a smooth boundary 91

1. Consider the following problems.

(a) Solve the first order equation wu, + Uy, + 2u, = 0 with initial curve

z=1t, y=0, 2z=sint (¢t € R).

(b) Find a Fourier series solution to the equation wuy, — C* Uz = Acoswt for
t >0,z € R, such that u(0,t) =0 = u(r,t) for t > 0 and w # nc for all n.
Hint: You may use 1 = %Z*{“ 1_-[“;11 sinnz directly.

2. (a) Show that for-any continuous function [y u(z,t) = f(z — ct) is a weak

solution in R? for the equation

U +cu, =0 .

(b) Let u.# 0 satisfy u € C?(R"™), Au =0 on R”. Show that u ¢ L*(R").

Hint: You may use mean value property or otherwise.

3. Consider the following Cauchy problem:

ur = Au  in R™ x (0, 00)
u(z,0) = f(z) onR™

where f is a given continuous and bounded function on R™.

(a) (5%) Write down the solution u(z, t) in terms of the heat kernel (47rt) /2~ 1=?/(4t)

(b) (5%) Show that for each t > 0, the following conservation law holds

fR u(z,t)dz = [R ) dy .
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(¢) (10%) If limjg oo f(z) = O, show that

lim u(z,t)=0 forfixedt >0 .

|z —co

4. The Poisson integral formula for a 2-dimensional hall is

AL e
wE) = —I—~/ s u(z) dS; .

2ma jzl=a ,.’L‘ - f]g

(a) (12%) Prove the above integral formula using Kelvin transform. You may
let R = |z — ¢ and R* = |z — £°| for some £*, and K(z,6) = s~Inr bea

fundamental solution.
(b) (8%) Show that the above formula is equivalent to :

a® — r?

1 27
ey = ﬂ./-:; a® + 1?2 — 2ar cos(f — ¢) Waidien s

9. Let u € C*(2) N CY(Q), and

Lu=—-Au+ ) (-1)u,, .
1

(a) Show that v(z) = —e~ ol L= for all 2 € B(0, r) is a strict supersolution

(Lv > 0) when ) is large and /2% |z| <r.

(b) Hence or otherwise, prove the Hopf Lemma which says that, if Ly > 0in
U and 2° € 8U is an absolute minimum point of u in U, and there exists
an open ball B C U such that 2° € 0B, then u has a strictly negative

normal derivative at z°, i.e. du/dv(z°) < 0.
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