Answer all 7 questions. Total 105 points.

QUALIFYING EXAMINATION: REAL ANALYSIS

(15 pts) 1. Let (X, M, 4) be a measure space.
(a) Let g be a nouncgative measurable function on X. Set

v(F) =Lgd_u.

Show that © is a measure on M.
(b) Let f be a nonnegative measurable function on X.

Prove that
[1du= [ racw
{c) State the Radon-Nikodym theorem.

(15 pts) 2. Let (X, M, p) be a positive measure space with p#(X) < oo, and let f and g
be real-valued measurable functions with

Lrw=ﬁgm

Prove that cither f = g a.c. or there exists E € M such that

Lfdp)j;jgd‘u.

(15 pts) 3. Let {f} be a sequence of absolutely continuous functions on [0, 1], and fa(0) =0
form = 1,2,---. Supposc that {f3} is a Cauchy sequence of L'[0,1].
Prove that there exists an absolutely continuous function f on [0, 1f such that
fa — £ uniformly on [0,1].

(15 pts) 4. (a) With Lebesgue measure on [0, 1], prove that the closed unit ball
{(recion, Iflle 1}

is not compact in L1[0, 1].
(b) Describe all compact subsets of C[0, 1].

(15 pts) 5. (a) Suppose f : [a,b] — R is bounded.
Prove that f is Ricmann integrable on [a, b] if and only if
f is continuous almost everywhere on [a, b].
{b) Suppose g : R — R is Lebesgue integrable.

Prove that
oo
lim flz)eosnz dz = 0.
n=oo f_ o
(15 pts) 6. Let 1 < p < ¢ < o0,
{a) Let (X, M, u) be a measure space with (X} < oo.
Prove that L9(u) is contained in LP{g).
(h) Prove that [P is properly contained in 7.

{15 pts) 7. (a) Find a representation for the bounded linear functionals ou L¥(u)
with 1 < p < 0o and u a o-finite measure. Explain your reason.
(b} Find a representation for the bounded linear functionals on
with 1 € p < oo.



