(a) Show that there does not exist a y-measurable function f such that

A(E):/[dp forall E€ .
3

(b) State the Radon-Nikodym theorem and explain why (a) is not. a counter-
example.

7(12%). Let f € I?(R"), 1 < p < co. Prove that

im /@ +9) = f(@)lz, =0,

where the L7-norm is taken with respect to the z-variable.

8(12%). Let X be a linear space which is complete in each of the norms ||,
and -], and suppose there is a constant c such that

llzll, < cllzll, forallze X.

Show that the norms are equivalent, i.e., there is a second constant m such.
that
llzlly < m iz, forall z € X.

9(12%). Let (X, ) be a measure space in which (X) < co, and let {f,} be
an orthonormal sequence in L? (X, z1). Suppose that. there is a constant M
such that |fa(z)| < M a.e. for all n, and that % a,fn(z) converges a.c.
Prove that '!Ln; an =0.
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1{10%). Compute the Lebesgne integral of the function

i m:{ e

over the square 0 <z <1, 0 <y <1

2(10%
LA(R).

Show that. there is no fanction f such that both f € L*(R)and 1/f €

3(10%). Let C[0,3] be the space of all continmous real-valned functions on
[0,1] with norm [|f|| = sup |f(x)|. Show that the set of all functions on
0<x<]

10.1] of the form

9@) = Y a6, wherea,, b, € R,
=

is dense in C[0,1).

4(10%). Compute the value of

2
/ J(a)cosx dz,
Jo

sup.

where the supremum is taken over all f € L2[0, 2x] with Il <

5(12%). Let  be a mapping from the measurable space (X, 5) to the topo-
logical space Y.

(a) Prove that Q = {E C Y : [-)(E) € 8} is a o-algebra in Y.

(b) I J is measurable, prove that /=) (E) € 4 for every Borel set E in Y.

6(12%). Let X = [0,1], and let T denote the o-algebra of all Lehesgue
measurable subsets of X. Let A be Lebesgue measure on £, and let 1 be the
connting measure on L.
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