PDE Qualifying Examination (Feb. 2004)
Department of Applied Mathematics
National Chiao Tung University

Answer ALL of the following problems. Each problem carries 20 % .

1. Find all the solutions to the following PDE problems

(a) (y—2)us + (2 — x)uy + (x — y)u, = 0 with initial curve
z=t y=3, 2=0(t € R);

(b) ug — U, =6z fort>0,2€ R
such that u(z,0) = 1, u(2,0) =1 forz € R.

2. Let wu e C*) NC°N) be a solution of

Lu=Au+ " ap(@)us, +c(z)u=0,
k=1
where c(z) < 0in Q, and Q is a bounded domain in R".

(a) Show that u = 0 on 89 implies u = 0 in Q.
(b) Hence show that the solution of the Dirichlet problem
Lu= finQ, u=gin 09 ,
for continuous f and g, if exists, is unique.
3. In 3 dimensions, let Lu = Au + cu, where c is a real constant.

~
(a) Show that the radially symmetric solutions of the equation Lu =0 are

u(r) = ;l:(cl cos v/er + ¢p sin v/er)

(b) Show that the function

At 3 1‘=|:L'—§|,

is a fundamental solution for L with pole £.
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4. Consider the Cauchy problem for the heat equation

U—Uzr, = 0 forzeR, t>0;
u(z,0) = f(z) forzeR, t=0,
where f is bounded and continuous.
(a) If Jg |f(y)| dy < oo, show that there exists C > 0 such that
lu(z,t)| < Ct7/2%,
so that lim,_ u(z,t) =0 .
(b) If fq |f()|Pdy < oo (p > 1), Can you find similar estimates as above?

5. (a) Let u # 0 satisfy u € C*(R"), Au = 0 on R". Show that u ¢ L?*(R").

Hint: You may use mean value property or otherwise.

(b) Let 2 C R™ be a bounded, open set with a smooth boundary 99, and
Qr = Q2 x (0,T)], Tr = Qp — Qr, where T > 0. Suppose u € C*(Qr) is a
solution of the problem:

Uy —Au = 0 in Qp,

u 0 on I'p,

u = 0 on Q2 x {t=0}.

Prove that v = 0 on Q.

Hint: Define E(t) = [qul + |Vul’dz (0<t < T).
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