Real Analysis f/z‘ 7@

(13%) 1. Let (X, M, i) be a positive measure space, f € L'{), S a closed set. of the complex

plane, and the averages

1
mfg”“”

for E € M and p{E} > 0. Prove thai f(z) € 5 for almost all z € X.

(13%) 2. Prove that each Lebesgue measurable subset of R® can be expressed as a union of

an F,-set and a Lebesgue measure zero set.

(13%) 3. Let f:R* — R be Lebesgue integrable, and A the Lebesgue measure on R". Let
Ap={zeR"; [flz)] >k} (k=12,..0

(a) Show that
Jirn / If] A = 0.
ey
(1) Show that corresponding to each & > O there exists a bounded Lebesgue integrable function

g:R" — R such that

/ lg = fl @) <.
Rh

(13%) 4. Find a representation for the bounded linear functionals on 17, 1 < p < o0 Justify

your answer.

(13%) 5. (a) Prove that LP(u) is a Banach space, for every 1 < p < co and for every positive

measure i.

(b) Prove that if » # 2, LP(u) is not a Hilbert space.
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(13%) 6. Let X = [0,1], and A Le the Lebesgue measure. Define a sequence { fn} in LZ(A) by

Vi, i 0<eg )
Falt) = .
0, if Lt

Prove that {f,} does not converge to 0 with respect to |{- ||z, but for any bounded linear

functional ¢ on L)), {{f.)} converges to 0.

{13%) 7. Suppose {fy} is a sequence of Lehesgue measurable functions on [0, 1] with

fl [falx)]? dz <0 (n=1,2,..)
]

and f, — 0 a.e. on {0, 1]. Prove that

/Dl\m dr — 0.

(Hint : Use Egorov’s theorem and Cauchy-Schwarz's inequality.)

{13%) 8. Let C'[D, 1] be the vector space of all continuous complex-valued functions on {0, 1].
For f e C[0,1], define

171l = max | f{z)].

z€[0,1}
(a) Prove that (C[0,1],]] - ||) becomes a Banach space.
{b) Prove that the closed unit ball {feCi0,1]; [Ifil €1} is not compact.

(c) Describe all compact sets in C[0, 1]. Justify your answer.
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