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1. Let (X, B, 1) be a measure space.
(a)(10%) For any p > 0, let f, f1, fo,--+ € LP such that f, — f a.e. Then f, — f in LP if

and only if || fullp ~ || f]l5:
(b)(10%) As in (a) and f, — f in L. Then, for any set A € B, [, |fuldp — [, 1f|du.

2.(20%) Let £ be a bounded domain of R®. Let f be an essentially bounded function on {2
(with respect to the Lebesgue measure) with || f||zes(a) > 0. Denote
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Show that
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3.(20%) Let wy, be the volume of the unit sphere in R™. Show by the Fubini theorem that
7 /2
We, = 2Wn_1 f cos™ 848,
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n=2,3,---. Let v,(r) be the volume of the sphere with radius 0 < r < 1 in R”. Find the
limit
lim ?ﬁgr—)
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4.(20%) Let T : L*(R) — L*(R) be a linear operator and T'f > 0 whenever f > 0.
(a) Show that [[T(|f])]l > ||Tf| for all f € L*(R).
(b) Show that 7" is bounded.

5. Let S be the space of measurable, finite-valued a.e. functions on the measure space
(X, B, i) with p(X) < co. For f,g € S, define
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Show that
(a)(10%) for f, € S, f» — 0 in measure if and only if d(f,, 0) — 0.
(b)(10%) S is a complete metric space with respect to d.



