Qualifying Exam.: Ordinary Differential Equations March 4, 2015

1.(15%) Let z(t) be a positive and continuous function defined in [a, b] such that

z(t) < M+ /tg(s)f(a:(s))d& for ¢ € [a, b],

where M > 0, g(t) : [a,b] — R is continuous and f(t) : Rt — R is continuous
and monotonic increasing. Prove that
z(t) < hH(h(M) + /tg(s)ds), for t € [a, b],
where h(u) : R — R is defined by h(u) = /u : _f_(lﬁds for some constant up € R.
2. (20%) (1) (10%) Consider the equation:

-ty + 2t =30 -ty +y=0, t<2
Find the general solution of the equation by using the particular solution e’.

(2) (10%) Find the general solution of the following non-homogeneous system:
¥ =Tx —y+6z—5—6,
y = —10z 4+ 4y — 122 — 4¢ + 23,
2 =-2x4+y—z+2.
3. (30%) (1) (10%) Consider the system:
o' = px +y - z(a® +y°),
{ y = —x+puy —y(@®+y?),

where 11 > 0 is a constant. Show that the system has a unique equilibrium, and

a stable periodic solution.

(2) (20%) Consider the system:

' =yz(l— Ki> — Q1 2y,
1

fyhf\[/?;Kla K27a17a27x(0)7y(0) > 0.

Determine the local stability of all possible non-negative equilibrium, and prove

that there is no periodic solution in the first quadrant.
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4. (25%) (1) (15%) Consider the system:
r=x—y— 13— 2y’
y=z+y-aty-y’,
2= Az,
where A is a real constant.
(i) (5%) Show that the system has a periodic solution «(¢) := (cost,sint, 0).
(ii) (10%) Compute the Poincaré map for y(t), and the Floquet’s (characteristic)

exponent, of (¢).

(2) (10%) Let a(t) and b(t) be continuous and T-periodic functions, ¢ (t) and

¢2(t) be solutions of ¥ + a(t)y’ + b(t)y = 0 such that
¢1(0) =1, ¢2(0) =0, ¢1(0) =0, ¢,(0) =1.
Show that the Floquet’s multipliers A satisfy A% + a\ + 3 = 0, where

mzﬂmm+@@nwd5:wm1£awm.

5. (10%) Consider the system:

v =a(l—az—y),
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/ f— — [E—
Use a suitable Liapunov function to show that the equilibrium (1/2,1/2) is

asymptotically stable.
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