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Throughout this exam, dz and |- | represent the Lebesgue measure on
R™, and xg is the characteristic function of the set F.

1. (50%) Prove or disprove the following statements:
(a) Let f € LY(R) and h > 0. Then

ol q z+h
/—ooI—z—]:': z—h f(t)dt

(b) Let f : [a,b] — R be of bounded variation. Then f’ € L![a,b] and

/ f(@)dz = £(b) — f(a).

dr < /: |f(z)|dz.

(c) Let fr and f be Lebesgue measurable functions defined on R™ such
that for any compact subset 2 C R™,

/Ifk—-f]d:c—>0 as k — oo.
Q
Then fr, — f in L}(R").

(d) Let T : L?[—m,n] — L2[—m,n] be a bounded linear operator with
the property: T'(xg) = a(xg)? for all Lebesgue measurable subsets E
of [—m,n], where « is a fixed constant. Then T'(f) = «a(f)? for all
f e L?—m, 7.

(e) Let 0 < p < g < oo. Then & C ¢ and lz]lq < ||z, for all z € 7.
2. (10%) Find the value:
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If 120 (fol |f($){2d$>1/2.

3. (10%) Let 0<p<g<ooanda, >0 (n=1,2---). Prove that
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4. (10%) Let P be the set of polynomials. Prove that
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feC[Ig,l} (xe[od] 1+ |f(13)}> fe7Ig (ze[o)ll 1+ |f(x)|>
5. (10%) Let f, fn € L}'(R) for n=1,2,---. Suppose that
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Does fn(x) converge to f(z) a.e.? Verify your result.

6. (10%) Let A= {z € [0,1] : z = 0.a102---and a, = 3or 4 for all n}. Is A
Lebesgue measurable ? If so, compute |A]|.




