PhD Qualifying Exam in Numerical Analysis
Spring 2014

1. (20%) Consider the following linear Cauchy problem:

{V@) Ay(t), t>0,
y(0) i

with A € C.

(a) Give the definitions of the “absolute stability” and the “region of absolute
stability” of a numerical method for approximating the linear Cauchy problem.

(b) Find the regions of absolute stability of the forward Euler method and the
backward Euler method.

2. (20%) Consider the following boundary value problem:

{ —(au)'(z) + (Bu')(z) + (yu)(z) = f(z), O0<z<1,
u(0) = u(1) =0,

where a, § and « are smooth functions on [0, 1] with a(z) > ag > 0 for any z € [0, 1]
and f € L(0,1).

(a) Derive the weak formulation of the boundary value problem on the Hilbert
space H}(0,1) := {v € L*(0,1) : v' € L*(0,1),v(0) = (1) = 0}.
(b) Show that the weak formulation has a unique solution u in H}(0,1) if
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(c) Let Vj, be a finite-dimensional vector subspace of H}(0,1) and let {¢y,- ,@n}
be a basis of Vj,. Please describe the Galerkin method for finding the numerical
solution u;, € V}, of the boundary value problem and find the associated stiffness
matbrix.

(d) Prove the following result: there exists a constant C' > 0 such that
> < : -
|u — unla o) < C min ju—vala o),

where | |g1(o,1y is the norm of space H(0,1),

1 1/2
[v] 10,y == {/(; |v'(:z:)|2d.1:}

3. (20%) Consider the following 1-D heat problem:
%-u@=0, O<z<l,t>0,
8] 52
u(0,t) =u(l,t) =0, t>0,
u(z,0) =uo(z), 0<z<1,

where constant v > 0 is the thermal conductivity.
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(a) Derive an implicit finite difference method for the 1-D heat problem by us-
ing the central difference formula for the spatial variable and the backward
difference formula for the temporal variable.

(b) Show that the implicit finite difference method derived in part (a) is uncondi-
tionally stable.

Hint: The eigenvalues A; of the following n x n tridiagonal matrix

-

[ 1+2s -—s
—s 1+42s -8
—s 1+2s —s
A= . .
-5 142s —§
L —8 1+23.
i vAt

are given by A\; = 1+ 2s(1 —cosf),), #; = T J<i<n 8= At is the

h?’
time step and h is the spatial grid size.
4. (20%) Consider the linear system Ax = b, where A = (a;;) € R™", a; #0V 1, is
a given nonsingular matrix and b= (b, ,b,)T € R™ a given vector.

(a) Describe the basic concept of linear iterative methods for solving the linear sys-
tem and find the so-called iterative matrix associated with the Jacobi method.

(b) Prove that if ||[I — D~'A|| < 1 for any matrix norm then the sequence {x*}
generated by the Jacobi method converges to the solution of Ax = b for any
choice of x(°) € R", where matrix D is the diagonal part of A.

5. (20%) Assume that f € C*([a, b]).

(a) Derive the following Trapezoidal formula by using Lagrange interpolating poly-
nomial of degree 1 of f:

[ see =25 (1@ + 10).

(b) Show that the quadrature error is given by

—— 3
E(f) = -("1—2“) £(€), for some € € (a, b).




