Probability Qualifying Examination
September 2013

There are 10 problems. You turn in solutions for ezactly 6 ( your best 6). Indicate
which 6 you have chosen on the front page of your answer book. Each problem is worth
20 points.

1. A is a Borel measurable subset of [0,1]2. For each z € R, define
A: ={y €[0,1]; (z,y) € A}.

(a) Prove A, is a Borel subset of R for each z € R.

(b) Define
f(z) = Lebesgue measure of A,.

Prove f is Borel measurable function on [0, 1].
2. Assume Xi, Xy, - - are iid random variables such that E[|X;|] = co. Prove
Pl Xsl 2 nd0)=1.
Here i.0. stands for infinitely often.
3. Let X, X5, - be iid random variables such that
nP(|X1| > n) = 0.

Define
Sn=X1+Xo+ -+ X,
and
tn = E[X1, | Xa| < n].
Prove

i — Kn — 0 in probability
n

as n — oo (Note that we do not assume the finiteness of E[|X;|]). In particular, if
E[|X;]] < o0, then

% — p in probability
as n — 0o, where u = E[X;].
4. (a) Prove
 Fo | =2 o 2 1 z?
e St = < ~exp(——).
(G- e(-5) < [T e Fdy < —exp(-7)

(b) Let X3, X5, - - be independent identically distributed standard normal random
variables. Prove there is constant ¢ such that

ml
im sup

n vV IOg n

= ¢, almost surely.




5. Assume X;, X5, --- are independent Poisson random variables with E [Xn) = X
Define

n =M+ A+ + Ay,
Spn=X1+Xo+ -+ X,.

Z’\n =460,

Assume )\, is bounded and

Prove

.
lim — =1 almost surely .
n—o0 an

(Hint: Denote ny = inf{n;a, > k*} and consider f—:: and also iﬂ, N SN < Ny
separately.)

6. Assume X, X5, - - - are independent random variables such that E[X,]=0foralln
and

Z var(X,) < oo.

(a) Prove 3°,, X,, converges in probability.
(b) Define

s 05
=1

Prove S,,n = 1,2,--- is a martingale. Show that the martingale convergence the-
orem is applicable to S, and show S, converges almost surely (a stronger result of

(a).

7. (a) Let ¢ be the characteristic function of a probability measure . on R. Prove the
inequality

1 u
wlal > 2/u) < = [ (1= g(t)at, u>o.
(b) Let Y, be random variables with characteristic functions ¢n. Prove Y, converges
to 0 in probability as n — oo if and only if ¢,(t) = 1, n — oo for all |t| < § for
some 6 > 0.

8. Let {Yp,n > 0} be a Markov chain on Z = {1,2,-- -} with transition probability
(pij,i,7 € Z). For a bounded function f on Z and i € Z, define

Pf(i) = gpijf(j)-

(a) Prove

Sn = f(Yn) e nz_: h(K)

1=0




10.

is a martingale with respect to {F,, n > 0}, where
-F‘n = U(YO)YI,"')YTL)

the o field generated by Yp,Y;,--,Y, and h = Pf — f.
(b) Prove

n-1

i=0
is a martingale, where
9(i) = Pf*(3) — (Pf(i))*.
Let X3, X5, - - be independent random variables. Define
Gn = 0(Xn, Xny1,- - ‘)
the o field generated by X, Xp11,---. The tail o field is given by
T = NpGn.

(a) Prove for any A € T, P(A) =0 or P(A) = 1.

(b) Prove sup, X, < oo almost surely if and only if 3, P(X, > A) < oo for some
A

Let f be a continuous function defined on [0, 1]. Define

fa(z) = i k!(nn—ik)!l'kf(k

k=0

).

n
Prove
sup |fa(z) — f(z)| = 0, n — oo.
z€(0,1)




