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Throughout this exam, ||z|| denotes the norm of z, B(0;7) = {z € R™ :
|z|| < 7}, dz and | - | represent the Lebesgue measure on R", and xg is the
characteristic function of the set E.

1. (50%) Prove or disprove the following statements:

(a) Any finite Borel measure p defined on R™ is of the form: p = f(z)dz+v
for some f € L'(R™) and v_Ldz.

(b) Let E be a Lebesgue meaurable subset of R®. Then
|E| = sup |E N B(o,T)|.
r>0

(c) Let fn,f € L?[—m,x] for n > 1, and all of f,, f be real-valued. If
| fall2 = || fll2 and f, — f weakly, then f, — f in L?[—m,].

(d) Let f € C[0,1] and € > 0. Then there exists a polynomial g such that
Sup. |f(2?) — g(z*)| < e

1/p 1/q
(e) Let 0 < p < g < 00. Then ( |f(a:)|pda:) > (/ |f(:1:)|"d:z:) :
R"l Rﬂ

2. (10%) Let u, v be two finite Borel measures defined on [0, 1] with
the property:
/E e dp = /E ze ®dv  for all Borel sets E C [0,1].
Can you conclude du = zdv? that is,

/0 e /0 ef@d  (f20).

Give your reason.

3. (10%) Let a > —1 and wa(z) = z*(1 + €)~!. Prove that

o0

/ooowa(z)dz = i(—l)"‘*l/ e " z%dz.

n=1 0




4. (10%) Let Ym = Y oy GmnZn, Where apy, € C for m,n > 1.

(a) Prove that T :  + y defines an operator from £* to £', where z =
{2}, € 2 and y = {ym )}, € £

00 s 00 1/2
(b) Prove that ||T|| < Z( |a,,,,,|2) :
1

m=1 ‘n=

5. (10%) Let g > 0 be a Lebesgue measurable function defined on [0, 1].

/0 1 /z : g(t)dtdz = /0 : Vitg(t)dt.

p
6. (10%) Let p>1,0<a <b< oo and F(z) = (f:f(t)dt) , where

Show that

f € L'[a,b].
(a) Prove that F(z) is absolutely continuous on [a, b].

(b) Deduce the following equality:

(/: f(t)dt>p = p/ab (/: f(t)dt)p_lf(x)dz_




