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Throughout this exam, ® o f(z) = ®(f(z)), ||z|| denotes the norm of z,
B(0;r) = {z € R™: ||z|| < r}, and C[0,1]* denotes the dual space of C[0, 1].

1. (50%) Prove or disprove the following statements:

(a) Suppose u is a finite Borel measure defined on R™. Then f(r) =
w(B(0;7)) defines a right continuous function on (0, c0).

(b) Let g: (0,00) — R. If g is absolutely continuous on each finite subin-
terval of (0,00), then g’ € L*(0, 00).
(c) Let {fn}2; be a Cauchy sequence in L*[—, 7]. Then le / fo(z)dz

exists.

(d) Let f € C[0,1], T € C]0,1]*, and P denote the set of all complex
polynomials. Then i1€17fD|T(f) —T(g)|=0.
g

(e) Let f,, gn be Lebesgue measurable functions on R? with | f,(z)| < ga(z)
for all n and all z. If g,,9 € L*(R®), g.(z) — g(z) ae., g, — g in

LY(R3) and f,(z) — f(z) a.e.. Then lim / fa(z)dz =/ f(z)dz.
n—0co Jp3 _ R3

2. (10%) Let p > 1, ¢ > 0, z > 0. Suppose A is o—finite on (0, 00) and
A(z) := A\((0,z]) < oo. Prove that

(i /\({y>0:1\(y)§t})§t; (id) /0 ZAP-ldAzApZE””).

3. (10%) Let 1 < p < co. Assume that ax > 0 and z; > 0 for all k. Prove
that

o0 T 00 1/p , o =
Sany < (Sa) (Tun)
k=1 k k=1

=1

4. (10%) Let a, € C. Suppose y o, anbn converges for all {b,}2, € 2.
Prove that {a,}%, € 2.

Ckd
(%28)



5. (10%) Let v be a Borel measure on R with v({0}) = 0. Define & by
7(Q) = v(Q71) for all Borel sets Q, where Q! = {1/z : z € Q\ {0}}.
Prove that 7 is also a Borel measure and

/nf(x)dy(z) = /n_1 F(1/y)do(y)

for all Borel sets © and all nonnegative v—measurable functions f.

6. (10%) Let k(z,t) > 0, k(z,t) € C([0,1] x [0,1]) , and
1
/ k(z,t)dt=1 forall ze€l0,1].
0
Consider the operator K : L?[0,1] — L?[0, 1] defined by

Kf(z) = / Ko 0f@®)dt  (f € Clo,1]).

Prove that ||® o Kf|l2 < ||K||||® o f||2 for all f € C[0,1] and all

nonnegative continuous convex function ® on R.
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