QUALIFYING EXAM

FEBRUARY 21, 2013

Instructions. You need to show all your work in order to get full credit. When using a
theorem, you must state it clearly and correctly.

Problem 1. (10 points) Let Mat,x,(K) denote the space of n x n matrices with co-
efficients in a field K. For A € Mat,,(K) define a linear map Ty : Mat,x,(K) —
Mat,x,(K) by T4(B) = AB + BA, for B € Matyx,(K). Express the trace of Ty as a
function of the trace of A.

Problem 2. (20 points) Let R be a ring with 1. Suppose we have a sequence of left
R-modules {M;|i € Z} and R-homomorphisms {d; : M; — M;_|i € Z} such that d;o
diy1 =0, foralli € Z.

(i) Prove that imd;; C kerd;, and hence H; = kerd; /imd; 1 is an R-module.
Assume below that there exists a sequence of R-homomorphisms {si:Mi—1 = Mjli €
Z} such that d; = d;jos;od;, forall i € Z.

(ii) Prove that there exist R-submodules N; and P; of kerd; such that kerd; = N; ® P;
with N; = H;, for every i. (Hint: Prove that N; = ker(diy 0sit1+si0 d;).)
Problem 3. (20 points) Let G be a finite group.
(i) Suppose that g% = 1 for every g € G. Prove that G is abelian.
(ii) Find all G with |G| = 8 up to isomorphism.
Problem 4. (25 points) Let f(x) = x* —2x* — 2.
(i) Prove that f(x) is irreducible over Q.
(i) Prove that o.=v/1++/3 and B = v/1— /3 are roots of f(x) in C, and further-
more Q(at) NQ(B) = Q(+/3). What are the other roots of f(x)?
(iii) Let F be a splitting field of f(x) over Q. What are the degrees of the field
extensions [F : Q(v/3)] and [F : Q]?
(iv) What is the Galois group of the extension [F : Q(V3)]?
(v) What is the Galois group of the extension [F : Q]? Is it abelian?

Problem 5. (25 points) Let F, denote the finite field of g = p™ elements, where p isa
prime. Let GL,(F,) denote the group of invertible n x n matrices with coefficients in
F, and let SL,(Fy) := {A € GL,(Fg)|detA = 1}

(i) What is the order of the group SL,(IF,)?
Below assume that n = 2 and p > 2. For an element § € Fp we define Ty : F o — F2

given by Tz (z) = &z, forz € F .
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(ii) Identifying the F4-vector spaces F,» and F, ®F, prove that the map § — T¢
defines a group homomorphism T : F 2 \ {0} — GL2(Fg).

(iii) Prove that there exists an element § € 2 \ Fg such that {7+ =0. Conclude
that By = {1,} is a Fg-basis for IF 2. '

(iv) Prove that, for & € F 2 \ {0}, the matrix of the linear map T¢, with respect to

q — &4
the ordered basis B, is of the form Tz = ( ((éjé)) // 22€ t;((g’ o\ é)) // 22 ) .
(v) Prove that \ {0} has a unique subgroup Zy of order g+1, and furthermore
prove that Tz € SL(Fy), for all € € Zgy1.
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