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Problem 1. Prove that the Catalan numbers C, = L (2”

n+1l\n

lattice paths from (0, 0) to (n,n) with steps (0, 1) or (1, 0), never rising above the line
y =z (10%)

) count the number of

Problem 2. Let A = {A;,..., A} be a collection of m distinct k-subsets of
{1,2,...,n}, where k < n/2, with the property that any two of the subsets have

a nonempty intersection. Prove that m < (Zj) (20%)

Problem 3. Using generating functions to solve On 05 v — 20, 5 = 2% 2 given
that g = a; = 0. (10%)

- Problem 4. (a) Let G be some dependency graph for the events Ay, ..., A,. Suppose
that Pr(A;) < p, i = 1,2,...,n and that every vertex of G has degree < d. Prove
that if 4dp < 1, then N, A; 5 0. (20%)

(b) Prove that N(k, k;2) > c- k- 2%/2_ where c is a constant. (10%)

Problem 5. If a graph G on n vertices has more than %n\/n — 1 edges, then G has
girth < 4. (10%)

Problem 6. Prove that if there exists an S A(t, k,v) with ¢t > 2s and v > k + s, then
we have b > (V). (20%)
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