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. (% 20) Let F, be a finite field of ¢ elements where q is a power of a prime p.
q

(a) Let n be a positive integer and let G = SL(n,Fy) = {A € M, x,(F,) | det A = 1}.
Compute the order |G| of the group G and give a Sylow p-subgroup of G.

(b) In the case where n = 2, ie. G = SL(2,F,), determine the number of Sylow
p-subgroups of G.

. (% 20) Let X be a finite set whose cardinality is 7 = |X| > 1. Let G be a finite group
acting on X. The action of g € G on w € X is denoted by g-w. Assume that the action
is transitive (meaning that for any two elements x,y € X there exists a g € G such that

y=g9-x).

(afFixanz € X andlet H = G, =49 € G| g+ ©.= =} be the stabilizer of z.
Prove that the action of G is effective (i.e. for every nontrivial element g € G there
exist an element y € X such that g -y # y) if and only if H does not contain any
nontrivial normal subgroup of G.

(b) Assume that |G| {r!. Prove that G is not a simple group.
. (% 15)

(a) Let Z[i] = {z + yi | =,y € Z} be the ring of Gaussian integers where i = \/—1. Let
p be a prime number such that p = a? + b? for some a,b € Z. Show that the ideal
(a+bi) ={(a+bi)w | w € Z[i]} is a prime ideal of Z[q]. :

(b) It is known that Z[z], the polynomial ring with coefficients in Z, is not a principal
ideal domain. Prove this fact by constructing a non-principal prime ideal of Z[z].
You need to explain your answer. :

. (% 15) Let K be a field and let L be a finite extension field of K. Let o € L and let
fa(z) € K[z] be the minimal polynomial of v over K. Here we require that fo(z) is a
monic polynomial.

(a) Prove or disprove that the degree deg(fa) of fo(z) is a divisor of the degree [L : K]
of L over K.




(b) Let R C K be a UFD (unique factorization domain) and let {wi,...,w,} be a
basis for L over K where n = [L : K]. Suppose that

n
awj=Za,-jwi, a;€R foralll<i<pandl<j<n
i=1
Show that fu(z) = % + e1z% 1+ -.- & Cd—1T + cq for some integer d > 1 and
Cli-s 6l ER.

5. (% 10) Let D be a Euclidean domain and let M # {0} be a finitely generated D-module.
Assume that M has no nontrivial torsion D-submodule. That is,

{m € M | a-m =0 for some nonzero a € D} = {0}.

Prove or disprove that M has a basis over D. By a basis of M it means a subset
{m1,...,my} of M such that for every m € M, it can be written uniquely as a linear
combination of my, ..., m, with coefficients in D. That is,

n
m=Zaimi witha; € Dfori=1,...,n,

i=1
where ai, ..., a, are uniquely determined by m.
6. (% 20)

(a) Find integers a,b such that the Galois group of the cubic polynomial f(z) = 2% +
az + b over Q is (i) a cyclic group of order 3; (ii) isomorphic to Ss (the symmetric
group of degree 3). (Note: the Galois group of f(z) over Q means the Galois group
of the splitting field of f(z) over Q.)

(b) Let F17 be a finite field of 17 elements. Assume that the cubic polynomial f(z) =
2% 4+ ax + b is a polynomial with coefficients in F17 (i.e. f(z) € Fi7[z]). Can you
find a,b € F17 such that the Galois group of f(x) over Fy7 is isomorphic to S3 ?
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