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Problem 1.(15%) Let G be a finite connected graph without isthmuses. Show that
G admits a strong orientation, i.e. an orientation that is a strongly connected digraph.

Problem 2.(15%) Prove that for any k > 2, there is n > 3 such that for any k-

coloring of {1,2,3,...,n}, there are three integers z,y, z (not necessarily distinct) of
the same color such that z +y = 2.

Problem 3.(15%) Let G be a simple graph with n vertices. Prove that if each vertex

of G has degree > (n + 1)/2, then for any edge e, there exists a Hamiltonian circuit
of G that passes through e.

Problem 4.(15%) Color the integers 1 to 2n red or blue in such a way that if 7 is
red then i — 1 is not blue. Use this to prove that
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Problem 5.(15%) Consider the set S of all ordered k-tuples A = (Ay, ..., Ag) of
subsets of {1,2,...,n}. Show that
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Problem 6.(15%) Fix a finite field F, and let N, be the number of monic irreducible
polynomials of degree d over F. Show that
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Problem 7.(10%) Fibonacci numbers are defined by F(0) = F) =1 F(n) =
F(n—1)+ F(n —2). Prove that F(n) is even if and only if n = 2 (mod 3).




