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Throughout this exam. |- | and dz denote the Lebesgue measure.

1. (50%) Prove or disprove the following statements:
(a) Let A C R? with |A| = oc. Then
An{(x,y) eR?:n<2?+ 12 <n+1}#0
holds for infinitely many integers n.

(b) Assume that f : [0,1] — R is of bounded variation. Then the equation
[{ € [0,1] : fis continuous at x}| = 1 always holds.

(¢) There does not exist f € L'(R) N C(R) such that
T o
lim f(z)dr =0 and Tlim f(r)dr = —1.
—oc J_

T—x -T

(d) There exists a sequence {f,} in L?[—m, 7| such that f, — f in
L*[—7. 7] for some f, but f,, diverges in L'[—x. 7.

(e) Let T(f) = jol Vaf(r)dr. Then T defines a bounded linear functional
on L?[0, 1] and | T|| = (2/(q+2))¥9, where 1 < p < oc and 1/p+1/q =
18

2. (10%) Let f, € Cla.b] for n =1,2,---, where 0 < a < b < co. Suppose
that the derivatives f, exist and are uniformly bounded on [a,b].

(a) Prove that {f,} is equicontinuous on [a.b].

(b) Does f, have a uniformly convergent subsequence? Verify vour answer.

3. (10%) Let u be a positive Borel measure on R such that

lu(A)| < / 1111-" for all Borel subsets A of R.
A =

Prove that there exists some f € L}(R) such that 0 < f(z) < 7= for
almost all € R and

u(A4) = / f(a)dx for all Borel subsets A of R.
A




4. (10%) Let A > 0 and F be a closed subset of (0.1). Prove that

/p< | M"-‘/)d‘-l‘ < §I(0, 1)\ F.

o |z—yi+

where §(y) denotes the distance from y to F.

5. (10%) Assume that f and g are two absolutely continuous functions on
[, D).

(a) Prove that fg is also absolutely continuous on [a. ).

(b) Can you conclude that
h b
/ () (D)t + / F(Og(t)dt = FBYg(b) — f(a)g(a)?

Verify your answer.

6. (10%) Let a > 0 and u be a positive Borel measure defined on [0, 1].
Suppose that ;([0,1]) = 1 and

1
k' _— o S ") ...
/0 Odu(6) = —  (k=0.12--).

Prove that

1 1
/ f(O)du(8) = a/ 671 f(6)do for all f € C[0.1].
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