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Please explain all your answers and indicate which theorems you are using!

. For 0 < a <1, a function f : [0,1] — R is a-Holder continuous if there is a positive constant C
such that
|f(z) = fly)| < Clz —yl|°, for all z,y € [0, 1].
(a) (7%) Prove that g(x) = v/z for z € [0,1] is 3-Holder continuous.
(b) (7%) Prove that g(z) = y/z for z € [0,1] is not 1-Hélder continuous.

. Suppose that f, : R — R is a sequence of differentiable functions such that M = sup |f/(2)] < oo
2€R,neN

and that f(z) = li_)m fn(z) exists for all z € R.

Prove or disprove (by giving a counterexample) the following statements:

a) (7%) The sequence of functions f, is uniformly bounded for any fixed [a, b C R.

(a)
(b)

(
(7%) The function f is continuous on R.
(c) (7%) The function f is differentiable on R.

. (10%) Let A be a nonempty (possibly uncountable) index set. For each A € A, fy : R — [0,1] is a
continuous function. Define g(x) = sup fi(x). Prove that g is Lebesgue measurable.
AEA

(a) (10%) Suppose f : [0,1] — R is an L*-function with respect to the Lebesgue measure m on R.
nz?
) f(e) (o),
(b) (15%) Suppose f : [O, 1] — R is an LP-function with respect to the Lebesgue measure m on R,
where 1 < p < oco. Define g : [0,00] — [0,1] by g(t) = m ({z € [0,1] : | f(z)] > t}). Find all

possible p such that / g(t) dm(t) < co.
[O>°°]

Compute lim

. (10%) Let f, be a sequence of functions in LP, 1 < p < oo, which converges almost everywhere to a
function f in LP. Show that f, converges to f in L? if and only if || f|l, = || fll,-

. Let u be a measure on a nonempty set X. For each f € L*®(X, 1), define a multiplication operator
M; on L*(X, p) into L2(X, u) by M(g) = f - g for all g € L*(X, u).
(a) (6%) Prove that [[My]| = sup{M;(g) : [lgll2 <1} < || fll.

(b) (15%) Find a necessary and sufficient condition for f € L®(X, u) such that M; map L?(X, p)
onto L2(X, u). Justify your answer!



