Ph.D. entrance exam, 2009 — Linear Algebra

1. Let V" be an n-dimensional vector space over R and B : V7~ 17 = & hea
symmetric hilinear form on V. (Syuunetric means Blu.v) = Bieon) forall
.0 € V. Bilinear means that 3 is linear in each of the twao variables )

(a) Let W7 be a vector subspace of ¥ and let

W =fue ) Bl e)=0foral e i)

Prove thatif clim W = ror. then dim W17 20 — . (8 points. Hing: Choose
abasis {egooor, o 1 and consider the map
e (e Bl e,

from 1 into 37" )

() Prove that V= W 114 if and only if the restriction of 3 1o 1115 non-
degencrate. (Non-degenerate means that ¢ = 0 is the only vector of 1 such
that B(u. ) = O forall v & 117.) (10 points.)

(¢) Recall that an isometry with respect Lo 3 of Vois a function o b - .
such that Bla(ud. 2(e)) = Blu.e) forall woo € 17 Prove thacil 3 is non-
degenerate. then an isometry 2 with respect to 12 ol V7 is necessarily a lincar
transformation. (10 points.)

() Prove that if 13 is non-degenerate on 17, then there is anon-negative mteger
with p <2 nand a basis {vq, ... . v, } such that
1. il <i=j<p
Ble,or)y=q¢~1. fp+1<i=4<mn.
0. i i+ 7.
(15 points. Hinr: You may want to prove first the assertion that o I3isa
non-degenerite symmetric bilinear form on o vector space Voover # then
there exists a vector ¢ such that /(e v} £ 0.)
(e) Assumc that [3 is non-degenerate and that {ep. ... e bois a basts wath the
property given in Part (d). What can you say about the WAl of e somelry
» with respect to the basis [EE TN v, 17 Inparticular, show that the determi-
nant of o must be L or —1. (10 points. Hint: You probably alrcady know that
in the case V= K" and £3 is the standard inner product on V. the matrix /7
of an jsometry with respect to an orthonormal basis satisfies 707 = 1 How
did you prove this7)
2. Let V' be the space of all polynomials in & over R of degree = 20 Letan inner

product on 1 be defined by
T / Jflrgla)de.
S
() Find a polynomial e #} in 2 and 1 such that

-1
rir) ,,/ B ) f () dr

forall /¢ V7. (10 points.)
thy Let 77+ V' — 17 be the lincar transtormation defined hy 1'ia. AT
ap) = 2azr + ay. Find the linear transformation 1™ such that Ly -
{17 gy forall f.g € V. (10 points.)
|



].ct
201 2 -1 -1
A= 0] 1 071, = 31 8] -1
-1 0 U 0 0 1

{The characteristic polynomials are both (o 1)%)

(1) Determine whether 24 and B are similar, If so, find the matviy 2 such that
PoUAL = B0 points.)

(b Compute exp L (1 points.)

~

. Loty and eo be two linearly independent vectors in R7. The set {nvey + new

mon € S s called the darrice spanned by ¢ and o, Now let Lobhe the latice
spanned by (1.0 and ((1. 1) and A7 be the lattice spanned by (4. G} and (28],
Find two vectors ey, ey € Loand two integers my and eo such that ¢ and o2 span
[.while 2y ey and 1s 0o span AL (10 points. Hinr: Essentially you are ashed to
find the Smith normal form of a certain matrix.)
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