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1. (10 points) Let (X, A) and (Y, B) be measurable spaces and f : X — Y be a mcasurable map.
Let C be the o-algebra generated by f. that is, C = {f~'(B)/B € B}. Show that for any
C-measurable funciion i : X — B, that is. f~'(B) € C for any Borel set B in R, there is a
measurable function g1 Y — R such that h = go f.

2. (30 points) Let (f,,)8° be a sequence of functions on (0, 1) defined iteratively by

1 fa(31) ift €(0,1/3)
fot)y=t forte€(0,1), fo(t)=1<{1/2 ift € [1/3.2/3)
S+ fa(3t—2)] ifte (2/3.1)

(a) (10 points) Prove that [, converges pointwise to a continuous nondecreasing function.

Sct f = lim f,. Let u be the Lebesgue measure on (0,1) and py be the measure induced by
f. that i;l,iwo
pp(A) = p(f7H(4)).
(b) (10 points) Concerning the Lebesgue decomposition of uy relative to p. ot /lf; and p,j- be
respectively the absolntely continuous part and the singular part of yry. Describe ;¢ and
Wy
(¢) {10 points) Let g be a function defined by

gls) = inf{t (1) > s} Vs € (0,1).
Prove that, for any bounded function F', the Riemann Stieltjes integral of F with respect

to g exists and

1
/ F(t)dg(t) = / F(l)us(dt).
Jo Joo,

3. (20 points) Let (X, A, i) be a measure space and L” (1) be the LP-space. For 1 < p < ¢ < o0,
find the relation between LP(i) and L%(u) (S, O, = or incomparable) when

{a) (10 points) x is a finite measure;

(b) (10 points) A is the o-algebra generated by finite subsets of X and p is a counting measure
on X, that is, u(A) is equal to the number of elements in 4 if 4 is a finite set and equal
to oc if 4 is an infinite set.



4. (20 points) Let f be a measurable fuuction on a measure space (X, A, ¢). Prove that:

(a) (10 points) For 1 < p.¢g < oc such that 1/p+1/¢ =1,

[[fll, = sup /fgdu

ligllg<1

(b) (10 points) If p is finite, then
[ /1l = lim Hf”}?
P00

5. (20 points) Let u be the Lebesgue measure on (0, 1) and let C be the set of infinitely differen-
tiable functions on (0, 1) with compact support. Define an inner product on C as follows

(f.9) = o f z)uldr) Vf.gel.

Show that the completion of C under (-,-) is

is absolutely continuous, ' € L?(u), lim f(z)= lim f(z)=0).
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