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20% | Determine the number of integral solutions of the equation

1 $g+$3—|‘$4‘:18

that satisfy
1 <&y 5 5,

—2£$2£4, 0§IL‘3£5, 3§$4£9

15%| Use the pigeonhole principle to prove that every sequence of 26 real numbers

contains either an increasing subsequence of length 6 or a decreasing subsequence of
length 6.

15% | Determine the number h,, of ways to color the squares of a 1-by-n board with the

colors red, white, and blue, where the number of red squares 1s even and there is at least
one blue square.

20% | Let G be a bipartite graph, let p(G) denote the maximum number of edges in a

matching in G and let ¢(G) denote the minimum number of vertices in a cover of G.
Show p(G) = ¢(G). (Hint. A matching of G is a subset M of edges with the property
that no two of the edges of M have a common vertex. A subset 5 of the vertex set of G
is a cover if each edge of G has at least one of its two vertices in 5 3

]D%‘ Let F,G : N — Z satisty

G(n) = )  F(k)
k:k|n
Show
F(n) =Y _ u(n/k)G(k),
k:k|n
where
}; Hn=1;
u(n) = { (—=1)F, if nis a product of k distinct primes;
0, otherwise.

and the symbol k|n means that n is a multiple of k.

Let G be a finite group and let C be a set such that GG acts on C, i.e. there exists a map
«: G x C —> C satisfying gxc € C,exc=cand g* (hxc) = (gh) * ¢ for any g,h € G
and ¢ € C, where e is the identity element of G. For ¢ € C.let O, ={g*c| g €G]}
denote the orbit of ¢ under the action of G and let G, := {g | g *xc = c} denote the
stabilizer (or isotropy subgroup) of c¢. For g € G, let C, := {c € C | g * c = c} denote
the elements that are fixed by g.
G|
a for c e C.
& [
(b)

Show that the number N(G,C) of orbits in C' is given by

1
) ﬁ Z |Og|'

geG

10%

Show that |O,| =

10%

N(G,C)




