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1. (16 points) Let B™ be the collection of all Borel sets in R™ and let £™ be the collection of

all Lebesgue measurable sets in R™. Define the function f : R — R? by
Hr)e=(z0) for all z € R.

(a) (8 points) Is f B'-B*-measurable? Justify your answer.

(b) (8 points) Is f £!-£?-measurable? Justify your answer.

2. (24 points) Consider a sequence of functions ([, )nen defined on [0, 1| by setting

na

fn(z) = 1 + n2x?

for x € [0, 1].

(a) (12 points) Show that ( f,)nen is a uniformly bounded sequence on [0, 1] and evaluate

: nT
lim == dx.
n—0oo [ 1) 1 +n*x*

(b) (12 points) Justify if (f,)nen is uniformly convergent on [0, 1].

3. (12 points) Define f : [0,1] — [0, 1] by

0, if z e QNJ0,1]
flzg)=4¢4 , | |
2"= if z € Q°N |0, 1],
o0
; i i ; . : Ak
where n, is the number of leading zeros in the decimal expansion of z, i.e., for x = Z ToF
k=1
(with o, =0,1,2....,9),
0, if a; #0,
0. =
ik > 0o =v=ay=0.a4;: £ 0} othersie.
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Show that f is measurable, and find / f(z)dx.
0




4. (24 points) Let m be the Lebesgue measure on R™ and let f be a measurable function on

X C R™. Suppose that / | f(x)]P dz < oo for some p € (0, 00).
JX
(a) (12 points) Show that

Hin ¥miz e X 1| fiz) >A =0

A—00

(b) (12 points) Show that

[ U@Pde= [ po-im@e X |f@)] > X dx
X [0,00)

5. (24 points) Let f and g be two functions defined on |0, 1] by

flx)=+vz  forz€l0,1],

and

: 1 .
z* | sin (—) , for z € (0, 1],

i

g(z) =
0, for =1,

(a) (12 points) Is g o f absolutely continuous on [0, 1|7 Justify your answer.

(b) (12 points) Is f o g absolutely continuous on |0, 1|7 Justify your answer.
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