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1. (16 points) Let m be the Lebesgue measure on a finite interval [a.b]. Prove that

LP([a,b],m) & L([a,b].m)

for 1 <gqg<p.
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. (16 points) Let u be a o-finite measure, and let f1, fo € LY9(u), ~+=-=1,1<p<oo. If

/flgdu=/fggdu

for all g € LP(u), show that f; = f3 p-a.e.
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3. (26 poihts) Suppose f : R? — R given by
1, ifz €@
f(zy) =
2y, itz éQ,

(a) (8 points) Does the integral

/01 (/1 f@y) daz) dy.

exist as iterated Riemann-integral or iterated Lebesgue-integral?

/01 (/Olf@:,y)dy) dz

exist as iterated Riemann-integral or iterated Lebesgue-integral?

(b) (8 points) Does the integral

(c) (10 points) Is f Lebesgue integrable on [0, 1] x [0,1]7

4. (16 points) Let g be an integrable function on [0.1], and suppose that there is a constant

[

11
for all bounded measurable function f. Show that g € L7 and ||gl|, < M. where 73+5 = 1

M such that
< M|\ fllp




5. (26 points) Let C' be the Cantor set and let F' the Cantor function. Consider a function

7:10.1] — R defined by f(z) = 3 (z + F(2)).

(a) (8 points) Prove that C' is a nowhere dense subset of [0.1] and m((") = 0.

() (6 points) Find a dense subset E of [0, 1] such that m(F) = 0.
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(¢) (12 points) Show that f(C) is a nowhere dense subset of [0.1] with m(f((")) =
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