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Instruction: The problems are not arsasged in accordance with their difficuliy levels,
Please read all problems first and do the ones that are easiest [or you. There are a fow hings
given far some problems, read them only if vou have no idea how 1o begin with.

Problem 1. (10 poinis) Leb | be w vend valued function defined on O, 1] which is Ricmanm
integrable over [b,11,%h € (0L 1), Suppose furliior thal S o bownded function.  Prove or
disprove thal [ iz Riemann integrable over 0,1

Problem 2. (7 points each) Let [ 1 B2 5 & be a funclion whose perrtiad devivalives of order
< 2 are defined wnd conlinuows cverywiar.
(i} Wihat is the Tuylor polynemial of degree 1 Jor It e e B pnd Hs vemeainder?
(@} Leta & B be a eriticed point of T fi.e. .'.;?r (o)== O Jore = 1,2). Prove trad | oaltains ity
focal mindmum ol © = a if the Hessian matviz

w positive definrle ala = o {u square mairiz A is positive definite e’ Aw w0, cehamn vector
B where v7 ds the brenspose matriz of v},

i) Suppose the Hessiun matviz of [ is positive definile of afl 0 € 5%, Prove ihal [} fas wi
most one critical poind.

Problem 3. (5 poinis cuch) Suppose we have « radpping f o0 BY — B
fi} State the dofinition thal [ is differentinile ai prnl & B,
#) Suppose all the partied derivalives of [ ol a € B® wwist. Is [ differentioble at ¥ Jusiify
your gnswer!

Problem 4. {16 poinis) fet [ be u Lebesque seaswralle funelion dejfined on B and let
ATEY S /Y be a transformation defined by Aw = Mae = b for some invertible v x n maotriy
M and ¢ fized § € B*, Show that [ o A is also Lebesgue measumble,

Problem 5. (i poinis) Corpule

R S
j e TV de %y,
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where do X dy is the product measure of two copies of Lebosgue measure on 2. Justify your
steps.



Problem 6. (¥ pornts) Lel f e 0001 swch thai

fe' =10, Yo e CH{[0,1]) with o(0) = wl1) =1,
[0.1]

Show that f is a constant function and Jowd the constant without specify the value of [ af
specific point in [0,1] , if that is possible. (Hint: [ntegration by parts?!)

Problem 7. (1{ points each) The Lebesgue's bownded converyence theorem stales:  fet
{falnen be a sequence of measurable functions defined on a sel 1 and

u]'ifg.:. falz) = flx), Yo e E.

If (a) |fa(z)| < M for all = and n, and
(b) E is a set of finite measure, then

(i) What happen if condition (a) is omitted?
(ii) What happen if condition (b) is omitled?
Verify your assertions.

Problem 8. (10 points) Is LP(E"), for | < P and p#E 2 a Hilherd space wilh vespect
to its LY norm structure? Verify your assertion! (Hint: Puralletogram law?!)
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